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Abstract

Diffusion maps is a manifold learning algorithm widely used for dimensionality reduction.
Using a sample from a distribution, it approximates the eigenvalues and eigenfunctions of
associated Laplace-Beltrami operators. Theoretical bounds on the approximation error are
however generally much weaker than the rates that are seen in practice. This paper uses new
approaches to improve the error bounds in the model case where the distribution is supported
on a hypertorus. For the data sampling (variance) component of the error we make spatially
localised compact embedding estimates on certain Hardy spaces; we study the deterministic
(bias) component as a perturbation of the Laplace-Beltrami operator’s associated PDE, and
apply relevant spectral stability results. Using these approaches, we match long-standing
pointwise error bounds for both the spectral data and the norm convergence of the operator
discretisation.

We also introduce an alternative normalisation for diffusion maps based on Sinkhorn
weights. This normalisation approximates a Langevin diffusion on the sample and yields
a symmetric operator approximation. We prove that it has better convergence compared
with the standard normalisation on flat domains, and present a highly efficient algorithm to
compute the Sinkhorn weights.

1 Introduction

Many problems in data science revolve around the extraction of information about the geom-
etry of some probability distribution given only a sample that may possibly be embedded in
an ambient space of much higher dimension: examples of these problems include clustering and
dimension reduction. The intrinsic geometry of such a distribution may be encoded by various
weighted Laplace-Beltrami operators, from whose spectral data various desiderata can be ex-
tracted: for example, the operator’s eigenfunctions may be used to define intrinsic coordinates
for the support of the distribution (Coifman et al. 2005, Coifman & Lafon 2006), or may be used
in spectral clustering algorithms (Nadler et al. 2006).

Diffusion maps is a widely-used algorithm to recover the relevant eigendata (Coifman et al.
2005, Coifman & Lafon 2006): the idea is to construct a particle discretisation of the evolution
of a weighted Laplace-Beltrami operator £ over some short timestep €. To this end, a kernel
matrix K is first constructed:

K= (ﬁkg(d(:z:i,:L"j)))i,j:le, (1)
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where the 2° ~ pdx are the sample points, k. is a symmetric probability kernel with covariance
matrix eI. The kernel matrix is then normalised to be Markov (i.e. row-stochastic)

P = diag(Ku) 'K diag(u), (2)
for some appropriately chosen weight vector u € RM.

As the sample size M is taken to infinity and the diffusion timestep ¢ is taken to zero with
an appropriate dependence on M (Lindenbaum et al. 2017), the spectral data of P should
approximate that of the Laplace-Beltrami operator semigroup e°“, enabling reconstruction of
the spectral data of the operator L itself. (Indeed, this problem is often formulated as the graph
Laplacian L = 5_1(P — I) approximating £.) The Markov nature of the normalised matrix P
means that the intrinsic coordinates provided by its leading eigenvectors faithfully reconstruct
the intrinsic geometry of the distribution’s support (Coifman & Lafon 2006).

Standard choices of weights for these operators are of the form @ = (K1)~¢, for some « €
[0,1]. In this case, the weighted Laplace-Beltrami operators to which the convergence occurs are

Lo¢ =380+ (1—a)Viogp Vo= 5p” OV V. (p*22V9), (3)

where p is the density of the distribution with respect to Lebesgue measure. The case a = 0
(i.e. @ = 1) is the standard graph Laplacian normalisation; on the other hand, we recover for
« = 1 the unweighted Laplace-Beltrami operator, and for o = % the generator of the Langevin
diffusion with invariant measure p (Coifman & Lafon 2006).

The last twenty years have seen a range of rigorous work establishing and bounding the
convergence of diffusion maps and related methods. Because both a space and time discretisation
occur, the error decomposes into two parts: a “variance” error of finite samples size M with the
timestep € held fixed, and a “bias” error from the positive timestep €. For pointwise estimates
on P, the errors associated with the two limits have been shown to be bounded respectively by
O(M~12e=4/4) and O(e?) (Hein et al. 2005, Singer 2006). There are clear intuitions to these
error rates: the first is a central limit theorem error between K and its infinite data limit, taking
into account that of the M sample points, we expect Mg = (’)(Med/Q) to be in the effective
support of the kernel; the second is a standard first-order discretisation error for a diffusion
operator over timestep €. It is natural to expect that the pointwise error of the discretisation
should transfer to the spectral data: with the short timestep magnifying the errors by a factor
of O(e™1), this would yield an O(M~2/&+d)) error for the optimal scaling of ¢ with M.

However, theoretical estimates for spectral data in the literature have been much weaker than
this. The standard bound on the bias error in the spectral data has been the naive estimate
of O(e'/?), corresponding to the LP — LP operator error (Hein et al. 2005, Shi 2015, Trillos
et al. 2019, Lu 2020). While the decay of the variance error as M — oo with ¢ fixed has been
long known as a result of the theory of Glivenko-Cantelli function classes (von Luxburg et al.
2004, 2008, Belkin & Niyogi 2007), this approach has yielded only weak quantitative bounds of
O(M~1/2c=4=3) on the variance error (Shi 2015). Due to the dependence of the weights @, on
the sample for a@ # 0, this approach has also largely been specialised to the graph Laplacian
normalisation a = (0. More recently optimal transport techniques have been applied to bound
the variance error. These necessarily sacrifice the central limit theorem convergence in M for the
much slower optimal transport rate of O((%)l/d), but yield an overall error of O((%)l/m)
in the eigenvalues for dimensions d > 2 (Trillos et al. 2019, Lu 2020). In Calder & Trillos
(2019) these results were bootstrapped with (weaker) pointwise estimates to obtain a central
limit theorem convergence in M with overall convergence rate of O((%)l/ d+4) on general
manifolds. However, only completely unweighted graph Laplacians were studied, because study
of weighted operators demands recursive application of the central limit theorem from the sample.



The first goal of our paper is to prove that for diffusion maps normalisations, the pointwise
error bounds hold for the spectral data. This work is independent of Calder & Trillos (2019) and
takes a different, more dynamical approach that defeats the recursivity problem and may in fact
be applied very generally to kernel-based discretisation problems. This is because we fully carry
through the pointwise convergence rates of diffusion maps discretisations to norm convergence
of the discretised operators. For simplicity, we will assume the support of the measure is a flat
torus D = (R/ LZ)?% and the sample points 2° are independent and identically distributed; we will
use the standard Gaussian choice of kernel.

To achieve this goal we will apply new approaches to both the bias and variance components
of the error. To bound the bias error, we will reformulate the problem as one of compact PDE
evolution operators for which the perturbations are bounded from a strong norm to a weak norm,
and apply the relevant spectral approximation theory (Keller & Liverani 1999). Our bounds on
the variance error conservatively extend the pointwise error bound to operator errors in certain
Hardy spaces via compact embedding estimates that, crucially, take advantage of the localisation
of the kernel.

Combining these, we will obtain an spectral error of O(M~1/2e=1=4/4(log Me=1)4=1/2 4 ¢):
for optimal scaling & ~ M~2/(8+d+or () " this gives a total error of O(M~2/B+d)+on (1)) For
larger dimensions d > 3, this is a major improvement over previous results for weighted Lapla-
cians: for example, compared with Trillos et al. (2019) the accuracy is squared for d = 8. Tt is
also a significant improvement on the unweighted Laplacian results of Calder & Trillos (2019).
Our convergence rate for the variance error of spectral data estimates still remains weaker than
variance errors observed empirically, although we believe the difference is only a small polyno-
mial factor in . On the other hand, the O(g) bias error bound appears optimal (from empirical
results we believe this rate also carries across to curved manifolds). Our only assumptions on
the sample density p are that it is bounded away from zero and C3/2*# Hélder for some § > 0
(i.e. a O first derivative for some § > 1/2).

Our theoretical approach facilitates the second goal of the paper: to propose and study a
superior normalisation using Sinkhorn weights for the Langevin dynamics whose generator is

L= Losd=1A¢+2VIogp- Vo. (4)

So-called Sinkhorn weights u, 1/(Kw) for a general matrix K are defined to be those making
the row-stochastic matrix P = diag(Ku) 'K diag(u) also column-stochastic. This kind of matrix
weighting problem has been studied since Sinkhorn (1964); it has seen recent interest in the
context of computing entropically regularised optimal transport plans (Cuturi 2013, Altschuler
et al. 2017, Feydy et al. 2019). In using Sinkhorn weights as a normalisation for diffusion maps,
we will study the restricted case where the kernel matrix K is symmetric (and so one is computing
a coupling of the sample’s empirical measure p™ with itself). In this restricted case, such weights
solve the (quadratic) problem

diag(u) = diag(Ku)~'. (5)

We will prove that, at least in the cases we consider, the Sinkhorn weights have an improved
rate of convergence, with a bias error in eigendata improving to O(g?) from O(¢) for standard
weights, while keeping the same M — oo error rate. This means that, compared with the
standard weights, a larger timestep & ~ M —2/(12+d)+o(1) may be chosen with a further improved
overall convergence rate of (’)(M_4/(12+d)+°(1)), although in practice € has to be rather small,
and thus M very large, for this convergence rate to take hold. For this convergence to hold it is
only necessary that the density p be C?*# Holder for 8 > 0.



Beyond this, the Sinkhorn normalisation has a range of advantageous and interesting prop-
erties for applications of diffusion maps. Uniquely among diffusion maps normalisations, the
normalised matrix P is symmetric: its eigenvectors are therefore orthogonal with respect to the
sample and they exactly perform a nonlinear principal component decomposition of the sample.
Furthermore, the action of P preserves not only constant functions but also total integrals, which
is of use for example in non-parametric forecasting (Berry et al. 2015).

While Sinkhorn weights must be computed iteratively, we also present an accelerated algo-
rithm to calculate the weights that, by harnessing the symmetric nature of the problem, converges
in O(1) matrix-vector multiplications. As a result, the use of Sinkhorn weights has minimal nu-
merical overhead.

This paper is structured as follows. In Section 2 we define the mathematical objects used in
the paper; in Section 3 we state the main theorems with a brief numerical illustration; in Section
4 we describe our accelerated Sinkhorn algorithm. We then turn to studying the convergence
of relevant operators as the timestep ¢ — 0, focussing on the more interesting case of the
Sinkhorn normalisation. After stating some relevant functional-analytic results in Section 5 and
describing the convergence of Sinkhorn weights as € — 0 in Section 6, we prove the necessary
operator convergence result for the bias error in Section 7. We then consider the variance error,
i.e. that of finite M: in Section 8 we bound the operator convergence of the kernel matrix K
to a continuum limit in appropriate norms, and in Section 9 we do the same for the normalised
matrix P; in Section 10 we combine the two operator convergence resultsto prove the convergence
of spectral data for the Sinkhorn weight case. Finally, we outline the corresponding results for
standard weights in Section 11.

2 Notation

We now present some notation that will be used in the main theorems and throughout the paper.

2.1 Operators

We will use as our kernel function the periodic Gaussian kernel k. (z,y) = g, .(y — x):

ger(@) =Y ge(x + Lj), (6)
jezd
where the standard Gaussian kernel is

g:(x) = (27r£)_d/2e_”””“2/25. (M)

Note that if, as is typical, the bandwidth /¢ < L, all but one summand in (6) will be superex-
ponentially small.
We define convolution by the periodic Gaussian kernel (6) as an operator

(C.d)(x) = / ge.0(y — 2)d(y) da, (8)

which has the semigroup property CsCy = Cs¢.
In this paper we will interpolate the vectors and matrices introduced in the introduction by
functions defined on the continuous domain D. Our interpolation arises very naturally: the kernel



matrix K defined in (1) acting on vectors (¢(z?));=1,... v extends to the following operator

M
(K2 )(x) := % ZQE,L(JC —a")(a') = (Cep™ o) (@), 9)

where pM is the empirical measure of the sample.
For Sinkhorn weights our weight vector u, defined in (5), then extends to the function UM

given as the unique solution of
UM (x) (KYUM)(2) = 1. (10)

Our normalised matrix then extends to the operator
(PM¢)(x) = UM (2) (KX UM )(2), (11)

and the eigenvalues and eigenvectors (at the sample points) will be identical.
We will study a range of weighted operators of a form similar to (11) and we will write them
for short in the following manner:

PM = UMKMUM.

In this paper we are required to consider two limits and their associated errors: the stochas-
tic, so-called “variance” error as the finite sample size M — oo for fixed timestep €, and the
deterministic, so-called “bias” error, in the spatial continuum limit as the timestep ¢ — 0. We
will show in Section 8 that the discrete kernel operator XM converges in the M — oo data limit
to a continuum kernel operator

(K-6)(x) = / 0 (& — )W)p(y) dy = (Cop) (2). (12)

In the infinite data limit we will show in Section 9 that the UM converge to functions U, that
satisfy a continuum version of the Sinkhorn problem

UE(SL') (’CEUE)(’,I:) =1. (13)

From this we have a deterministic approximation to the semigroup e=*

Pe =UK.U,, (14)

to which we expect the normalised discrete operator PM to converge.

Because the two limits require the use of different function spaces to attain the appropriate
convergence rates we will consider semi-conjugacies of our operators PM and P. that will be
bounded on the space of continuous functions C°. For concision, in this discussion we will take
“<AM)7 to mean “A. (resp. AM)”.

Using that ICS;M) =C. /gng/é) we will define the half-step weight functions

VM) (2) = (KU () (15)

and the half-step operators
GgM = uMe, v M) (16)
HM = (Y0) T U (17)



These operators géM), HgM) are positive, preserve constant functions and have
PO — GO 3 (M),
We then define the following operators that are semi-conjugate to (PM)"

QY = (HIDGIM)r. (18)

To study the situation for the standard weights, we will define the kernel density estimate of

the distribution using the sample:
(M) _ je(M)q
Pe e

The weight vectors i, := (K1)~% and 1/(K4,) then extend respectively to the functions

UL (@) = (o) (@)~ (19)
VI (@) = 1/ (KEDTED) (). (20)

We then have the approximations to the semigroup e<La

PO = VODKIDULD,
and the equivalent YE(,],ZI), g'éf‘ﬁ), 7%%), Q%) follow analogously.

2.2 Function spaces

We will use two different classes of function spaces to study the bias and variance error. To
study the variance error, we will need spaces with very strongly compact embeddings into C©,
specifically Hardy spaces of analytic functions. On the other hand, when considering the bias
error we are comparing against the semigroup e“*, and because of our relaxed conditions on the
regularity of p, we can only expect the image of the semigroup to be contained in spaces of low
differentiability.

To study the bias error, we will therefore make use of the scales of Sobolev spaces W#P C
L?(D,dx) for s > 0,p € (1, 00], which each consist of function classes [¢] for which the norm

Iollwer =172 s,

is finite and well-defined, where the operator J = I — A. For some operator A that is sectorial
(see Section 5) and thus for which a semigroup e™4f, ¢ > 0 is defined, we define fractional powers
as inverses of the injections (Henry 2006)

o0
A8/ = F(S/Q)_l/ t=s/2 emt A dt, s > 0. (21)
0

The operator J is well-known to be sectorial on all W*:P.

For integer k > 0 the space of k-times continuously differentiable functions C* is a subset of
Wk with equivalent norms. Furthermore, for all s’ < s, the Holder space cs C W#:°° and
each [¢] € W*°° has an element ¢ € C*: the inclusion maps between these function spaces are
continuous.



On the other hand, to study the convergence of the particle discretisation (i.e. the variance
error), we will use spaces of bounded analytic functions on narrow strips around the domain D.
We therefore define for ¢ > 0 the complex domains

De ={z+iz |z €D,z e [-((]%,
and the corresponding Hardy space
H>(D¢) = {¢ € C°(D¢) : ¢ analytic on int D}

with norm

I¢llc = sup [¢(2)]-
z€D¢

Note that the Hardy space norm || - ||¢ is always equal to or greater than || - ||, the C° norm on
the real domain D.

In this paper we will assume that our measure density p is strictly bounded away from zero,
and that it lies in the Sobolev space W*°° where s > 3/2 for the standard normalisation and
s > 2 for the Sinkhorn normalisation: it is equivalent to assume that p € C3/248 (resp. p € C*19)
for some 8 > 0.

2.3 Eigendata

The generator £ has eigenvalues 0 = —X\g > —A; > —Ay > ---, and the semigroup approxima-
tions PE(M) have respective eigenvalues 1 = G_EA((J{VEI) > 6_5)‘%) > e_a)‘%) > ... > 0. Note that
the non-negativity of these eigenvalues is guaranteed via positive semi-definiteness of PE(M) in
L?(p™)). We denote the corresponding eigenspaces Ey,, E,(C{ZI), and merge discretised eigenspaces
whose eigenvalues will converge in the limit:

S(M) (M)
Eg) = @ B
)\j:)\k

For the standard weights we define equivalent quantities (where we have positive semi-definiteness
=(M) . (M) 7 (M
of P’ in L2 (oD (UL /VAR")112)).
Finally, to quantify the convergence of eigenspaces, we define the distance between vector
subspaces:

dco(E, F) = max sup  deo(p, F), sup  deo(E,9) p .
¢EBco(1)NE ¢EBLo(1)NF

3 Main results

In this paper we will deterministically bound the “variance” errors, which depend on the empirical
measure pM | exclusively via an operator error §:

L .
/27 2| oo (D )—c0
where ¢ = Zye'/? for some constant Zy. Thus, results in terms of § can be applied to any point
sample, including weighted, dependent and deterministic samples.
When the empirical measure is an i.i.d. sample from the true density p, we have the following
probabilistic bound on §:



Theorem 3.1. Suppose p € L. There exist constants Cas, Cog depending only on L, d, ||pllo, 0, Zo
such that for alle < o and ¢ < %||plolog2,

P(6>c) <exp {025(10gc+ loge™1)24Ht — C’%Med/zcz} .
In other words, with very high probability

5=0 <M71/2€7d/4(10gM n 10g571)d71/2) '

We can now state the main theorems, on convergence of spectral data for the diffusion maps
approximations:

Theorem 3.2 (Spectral convergence for standard weights). Suppose p € C3/2+8 8> 0. For all
a € [0,1] and A, > 0 there exist constants Cig1,Cio2, C1o3 such that if e +e7*6 < Cyo1, then for
—Ak,a = —As we have

(a) Convergence of eigenvalues of P o and ’PEM(X :

Akca — Mool < Clroge
|;\M - 5\k,a| < 0102(6 +e716).

k,e,a
(b) Convergence of the respective eigenspaces:

dC’0 (Ek,e,ayEk,a) < 01035
dco (Ei‘ljc\{s,aka,oz) < Cv’103(5 + 6716).

Theorem 3.3 (Spectral convergence for Sinkhorn weights). Suppose p € C**# 3 > 0. For all
As > 0 there exist constants Cio1, Croz, Cios such that if €2 + 718 < Cio1, then for —A; > =,
we have

(a) Convergence of eigenvalues of P. and PM:

| Ak,e — Ak| < Croze?
p‘ﬁ/,[e — Xl < 0102(52 + 6715).

(b) Convergence of the respective eigenspaces:

dco(Ey.e, Ey) < Cro3e?
deo (ERL, Ey) < Cros(e® +e716).

An empirical comparison of the bias errors for the standard and Sinkhorn normalisations on
a C?*8 sampling distribution is given in Figure 1, demonstrating the optimality of the bias error
bounds, and the better convergence of the Sinkhorn normalisation for o = %

The empirical behaviour of variance errors for a three-dimensional example is given in Figure
2. Here the variance error in the spectral data appears to have the central limit theorem conver-
gence in the sample size M that we have shown. However, this convergence occurs in the regime

Meg = Me%? > 1, ie. up to log terms that § < 1: this regime is larger than that covered
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Figure 1: Bias error in eigenvalues for (C2%2  function density p(x) = 1 +

1_3272’2 Z;’;l 3722 cos(3/ - 2rx) on D = R/Z using a Sinkhorn normalisation (solid lines) and
a = % standard normalisation (dashed lines). A Fourier operator discretisation with 2001
modes was used to compute the spectrum of the generator £ and discrete-time approximations

’P€775€,1/2-

by our results, e'§ < 1. Furthermore, the dependence on the timestep £ appears to be more
gentle than our results would suggest: as € is decreased with Mg fixed, the variance error in
fact appears to decrease rather than increasing as O(e~1). This is in accordance with previous
observations that spectral estimates have better convergence than the pointwise estimates that
our results match up to (Trillos et al. 2019, Calder & Trillos 2019).

Rather than the semigroup, one is often interested in the approximating the Laplace-Beltrami
operator L itself via the (possibly weighted) graph Laplacian e ~*(P — I): as an operator, we are
thus interested in

L0 1= (P ),
and similarly for the standard weights. The eigenfunctions of these operators are the same as
that of the respective ’PE(M), thus with the same convergence. On the other hand, if we let the
eigenvalues of EgM) be

~ (M)

A = e e ),

and similarly the checked equivalents for standard weights, then we also have convergence of
eigenvalues.

Corollary 3.4 (Eigendata of the graph Laplacian). For all a € [0,1] and A\ > 0 there exist
constants 0101, C104, 0101, 0104 such that

(a) The eigenspaces of the graph Laplacians LéM) are those of the respective semigroup approx-
imations PE(M) given in Theorems 3.2 and 3.3.

(b) If p € C3/**P and e+ < Cio1, then for 75\,670‘ > — . we have convergence of eigenvalues



10°
N —— €=0.001
—— €=0.0022
— —— ¢ =0.0046
" — =001
i — €=0.022
?3‘/" 101 4 e—_— ~ Alc;fl/z
=
&)
1072 4 . .
10! 10° 10t 102
Mg = Me/?
10°
— M =68
— M =320
_ — M = 1500
5 -y —— M = 6800
- — M = 32000
o) M=o
% —_——— /4
€3]
10—2 4

Figure 2: L%(pM) error in diffusion maps estimates of eigenspace F; for function density
plx,y, 2) o eo34m 2t W+F(2) where f(x) = 0.4 cos2mz 4 0.12sin 47z on D = (R/Z)3.

Sinkhorn normalisation (solid lines) and a = 3 standard normalisation (dashed lines) are com-
pared. At top, the variance error plotted against local sample size Mg for different ¢; at bottom
the combined bias and variance error are plotted against timestep e for different sample sizes M.
Expectations were computed using 30 samples each. An adaptive Fourier discretisation (Olver
2019) was used to approximate the eigenfunctions of the generator £ and of the continuum

semigroup approximations P, P; 1 /2.
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for the standard weights
|;\k,£,a - 5\k,oz| < CV’104<"5a
|5‘£{5,a — S\k,a| < 0104(6 + 8_1(5).

(c) If p € C?T8 and €2 + 716 < Cio1, then for —\, > —\, we have convergence of eigenvalues
for the Sinkhorn weights

Ak.e — Al < Crose,
ML = M| < Croa(e+2716).

Note however that for purely linear-algebraic reasons the improvement in the bias error to
O(e?) for Sinkhorn weights is lost.

Our proof of the main results rely on bounds of the deviations of (powers of) our discretised

half-step operators QéM), HéM) from their respective limits.
Thus for the Sinkhorn weights, the bias error is bounded according to the following theorem:

Theorem 3.5. Suppose p € W5, s > 2, and let Sc(t1,t9) be the solution operator of the PDE
Opd' = Lo + VL - Vo', (22)

where we define wt :=log(K,U.) — 3 logp for t € [0,¢) and extend e-periodically.
Then

G- = S:(e, 3¢)
H. = S-(3¢,0)
7)8 = 55(6,0)
Qen = Se((n+ %)57 %5)

Furthermore, for all T > 0 and § € (0,min{s — 2,1}) there exists a constant Coo 15 such that
for all 0 <t; —tg < T and e < &g,

1Se(t1,t0) — e(tl_t°)£||cs+ﬁﬁco < OQO,T,,852- (23)

If the sampling density p has higher regularity, we have the stronger result, which follows
from a simplification of the proof of Theorem 3.5 and implies an O(g?) pointwise bias error of
the Sinkhorn-weighted graph Laplacian:

Proposition 3.6. Suppose p € W for s > 4. Then for all 8 € (0,1) there exists a constant
Cy7,p such that for allt € R, € < g,

[1Sc(t+¢€,t) — e X || ca+s 00 < Cor g°.

This is the best possible asymptotic rate of convergence to the semigroup for operators of the
form V.K.U. for all non-uniform distributions p (see Remark 7.2).

Bounds on the variance error proceed from Theorem 3.1. In particular, we have the following
result on the convergence of the operator KM (an interpolation of the kernel matrix K) to its
continuum limit:

11



Theorem 3.7. Let ( = Zoe'/?. Then
M 2dz¢3
[l _’CEHHOO(DC) < e,

Note here that the imaginary-direction thickness ¢ of the domain of the Hardy space H*°(D,)
scales proportionally with the 0(51/ 2) bandwidth of the kernel. A useful consequence of this is
that it is also possible to bound the error of the kth derivative of the spatial discretisation, with
a penalty in the error of O(e~*/?).

As a consequence of Theorem 3.7, we also have operator convergence of the normalised
operator PM | which interpolates the matrix P, as well as the various auxiliary operators:

Theorem 3.8. There exist constants Zy, Cs7,Csg such that if { = Zoe'/? and § < Cs7 then for
alle <ep andn € N,

1P = Pellc, 162 = Gellowse, [HY = Hellgmo < Caod,

and
||Q£,4n - Qe,n”O S 039(571.

4 Numerical computation of Sinkhorn weights

While the use of Sinkhorn weights gives improved convergence in spectral data, it is necessary
to calculate them iteratively: the usual Sinkhorn iteration is known to converge quite slowly in
other problems, and indeed substantial efforts have been dedicated to finding ways to accelerate
the convergence (Thibault et al. 2017, Altschuler et al. 2017, Feydy et al. 2019, Peyré & Cuturi
2019).

However, in our case the extra numerical work necessary to obtain the Sinkhorn weights is
small, as in this section we will present a simple, general, well-conditioned algorithm to estimate
the Sinkhorn weights that converges exponentially at a rate that is independent of the matrix
input.

Let us first note that the traditional way that Sinkhorn weights are calculated is using so-
called Sinkhorn iteration: for symmetric matrices this amounts to repeatedly iterating

u™t = 1/(Ku™),
which is interpolated as
Uty — /M. (24)

As n — oo, it is well-known that U™ — c(=D"UM for some constant ¢ > 0 (Peyré & Cuturi
2019). The asymptotic rate of convergence can be bounded, since at the fixed point Sinkhorn
iteration is a contraction by )\?ﬂ, the second eigenvalue of the re-weighted operator P . This is
because the Jacobian at the fixed point is conjugate to —PM. However, from Theorem 3.3, the
spectral gap 1 — A2, = O(e), so O(e™!) iterates are needed to estimate the Sinkhorn weights to
a given tolerance.

To improve this, we propose an accelerated symmetric Sinkhorn algorithm (ASSA, Algorithm
1), which harnesses the symmetry and positive definiteness of the iteration problem to accelerate
the local convergence rate to O(8™™), as well as automatically removing the constant ¢. An
iteration step of ASSA involves taking two successive Sinkhorn iterates (c.f. (24)), followed by a
geometric mean of the two steps.
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Data: Unweighted kernel matrix K, timestep ¢, eigendata error tolerance 7
Result: Estimated Sinkhorn weight vector v with log-L> error less than e7
u<+ 1/ VK1;
repeat

Uy < U;

v 1/(Kuo);

u <+ /v/(Kv);
until || log(ue/u)|le, < eT;

Algorithm 1: Accelerated symmetric Sinkhorn algorithm (ASSA)

We can write this in the case of a kernel operator K as

Ul =1/K[U™) (25)
Uy = 1/KU$) (26)
Ut — Ué”)UlE”). (27)

Because the Jacobian of a Sinkhorn iteration step (24) around the fixed point U is conjugate to
—P := —UKU, the Jacobian of the ASSA step is conjugate to —£P(I —P). In our case P = PM
is a self-adjoint, positive definite Markov operator on L?(p™), so its spectrum is contained in
[0,1] and so the spectrum of the Jacobian is contained in [—4,0], leading to O(87") local rate
of contraction. The geometric mean step additionally removes the constant ¢ that is an artefact
of the usual Sinkhorn algorithm. In Theorem 4.1, whose proof is in Appendix A, we show in a
general setting that Algorithm 1 is guaranteed to converge for any positive initial guess, and,
assuming a good initial guess, converges at the O(87") rate with a valid stopping condition.
Around 40 ASSA iterates are typically sufficient to obtain an estimate of the Sinkhorn weight
accurate to double floating point.

Theorem 4.1. Suppose p is a measure and K a positive operator that is bounded, positive
semi-definite and self-adjoint on L*(u) and bounded on L*(u).

Let U solve the Sinkhorn problem for this operator, and let U™ be the nth iterate of the
accelerated symmetric Sinkhorn algorithm (25 — 27) with U©® >0 . Then

(a) (Global convergence) For alln >0 and U©® > 0,
1og U™ —log Ul oe(y < 2 (0252)" | 1og U —log Ul 1o ),

where 8 < 1 is the worst-case contraction rate of standard Sinkhorn iteration, given in the
proof (64).

(b) (Local convergence rate) If || log U®) —log U|| oo () < k < 0.1, then if k" := ke**(2+1ke**) <
%, the faster convergence holds

[log U™ —log U L2y < (3 + K")"|[1og U —log U L2u)-
(¢) (Stopping condition) Under the conditions of part (b),

log U™ —logUl| 2y < (1= (3 + k")) log U™ —log U™ V|| 2.

13
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Figure 3: Convergence of standard Sinkhorn iteration (blue) and ASSA (orange) for an M = 3000
sample from the standard normal distribution in dimension 3 with kernel parameter € = 0.5.

Proposition 4.2. The empirical measure p"™) and kernel operator lCéM) respectively satisfy the
conditions for Theorem 4.1.

Note that when p is a discrete measure (e.g. u = p™) we can recover bounds on the L™
norm using norm equivalence:

I oo oy < M2 2 oo

It is also possible to relax the positive semi-definiteness constraint on the kernel operator K, as
long as the negative spectrum of the weighted operator P is far away from —1.

Because the only steps in ASSA are standard Sinkhorn iteration and a geometric mean, ASSA
is very well-conditioned, and can be expected to perform well in more general circumstances,
including for samples on curved manifolds and from distributions with non-compact support: in
Figure 3 fast convergence of ASSA is shown for a Gaussian sampling distribution.

As an initial value for iteration we use the standard a = % right-hand weight U©) =
(kM 1)~'/2. According to the following proposition, when &,§ < 1, this guess should be close
enough to the Sinkhorn weight that the fast local convergence rate takes hold immediately.

Proposition 4.3 (ASSA initialisation). There exist constants Ciag,C121 independent of M, e
such that if 6 < Cia9 and € < gg, then

[ log (K2 1)72 —log UM || e (pry < C121(6 +€),

where (KKM1)=1/2 is the initial condition for ASSA.

These results are proven in Appendix A.

5 Function space results

Before we study the ¢ — 0 operator limit, we state some useful results in functional analysis.

14



Recall from Section 2.2 that we defined scales of fractional Sobolev spaces W*P of functions
¢ for which J®¢ € LP, where the sectorial Bessel operator J := I — A.

A sufficient condition for a Banach space operator A : B — B to be sectorial is that its
spectrum is confined to a left open half-plane and there exists C' < oo such that for A in the
complement of this half-plane

I+ A) s < CIAT

The operators J and J := I —2L are both well-known to be sectorial on LP = W9 provided that
our measure density p € C**8. The Bessel operator J is also sectorial on W*? for all positive s.

From Theorem 1.4.8 in Henry (2006) and using that V is bounded as an operator from
Wsthr — WP we have by induction that J =1 —2L is a sectorial operator on WmP r <
s, p > 1 and that for g € [0,1], JB/2 is bounded as an operator W8P — WP r < s; the
condition for this to hold is that multiplication by J'/2logp is bounded on W"P r < s: this
is assured by the Leibniz rule for fractional derivatives J%/? (Bourgain & Li 2014, Li 2019),
provided p € W*P and s > 1.

Standard results, for instance in Chapter 1 of Henry (2006), and the aforementioned Leibniz
rule, give the following, as well as analogues for L,:

Proposition 5.1. Suppose that p € W5 for s > 1. Then for all p € (1, 0]:

e There exist constants va such that for all T >0
IVl stmmswros [V - rssmppns < K

e For all0 < g <r < s there exists a constant KX, . such that for all p € WP o) € W,

pirs
legllwre < Kpgrsll@llwre|[@llweee;
o For allr < s — 2, there exists Ky, such that
[Lllwrszrswrr < Kpps

o Foralls<k+p, € (0,1), there exists ch+5,s such that the norm of the inclusion map
CHFHP — W5 s bounded by ch+ﬁ75'

e Forallq<r<s and all T > 0 there exists KpT;q such that fort € [0,T]

T

(r—a)/2 T

”611||VV‘7’°°—>VVT'°C <t piq,r?

o There exists a > 0 such that for all ¢ < r < s and all T > 0 there exists IN(pT;q,T such that

fort e [0,T]

et zawace lwae swroe <0702 KT

where the L-invariant subspace

Z:{QSGLOO:/DQSpdx:O}. (28)
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6 Convergence of Sinkhorn weights as ¢ — 0

Our convergence analysis requires an understanding the behaviour of the continuum limit Sinkhorn
weights U.. These satisfy the equation (13), which in this section we will find useful to formulate
as

UQI = CE(U2UE)a (29)

where C, is convolution with the Gaussian kernel g, ; and 0? = p. We expect U, to converge to
o=l = p~1/2 as ¢ — 0, but because the kernel ge,1, becomes singular as e — 0 this is not trivial.

We consider this problem by formulating U, as the fixed point (up to constant scaling) of
Sinkhorn iteration:

Ut =1/(C(0*U™)) (30)

Since for fixed € > 0 the operator C.o? is uniformly positive, Sinkhorn iteration is a contraction
on the cone of positive functions and thus for all initial conditions Uy > 0 the convergence holds
(Sinkhorn 1964)

U s cU,, UMY o o,

for some ¢ > 0 depending on U®. Note that while the iteration (30) in the ¢ — 0 limit has
2-periodic dynamics for all initial conditions, we do recover a fixed point Uy = p~'/2 = ¢~ ! that
is the solution of the Sinkhorn problem (29) for & = 0.

Motivated by the log-space formulation of cone metrics we set

w" = (=1)"log U™,
so that

w(2n+1)s — NEans (31)
w(2n+2)8 _ _M(_ans)’ (32)

where the nonlinear semigroup (N;);>¢ is given by
Ni¢ = log(a™"Ci(oe?)).

Using that %Ct = %ACt it is straightforward to show that the infinitesimal generator of N is
given by

d Vo Ao

— N =1A¢+ LVY* + — - Vo + —.

dt t¢ o 2 ¢ 2| ¢| o ¢ 2%
By using N to interpolate (31 —32) in time, we can thus write Sinkhorn iteration as a nonlinear
PDE

- A
Dt = L + (=1l (%IWIQ + f) : (33)
o
Note that this PDE can be decomposed as a sum of an autonomous linear part, in fact the
limiting generator of the diffusion maps problem £, with a non-autonomous, rapidly oscillating
nonlinear part that has time integral zero. Consequently, we can apply averaging results to this
system as € — 0. This will give us convergence of w? and thus U,:

Theorem 6.1. Suppose p € W s> 2.
Then the PDE (33) has a unique limit cycle w! with w'*® = —w! and w® = log p'/? +1log U..
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Furthermore for oll 0 <r < s+1,

. t o
Jimny sup [wellwr. =0,

and

1/2

lim ||logU: —log p™ /“||wr~ = 0.
e—0

This has the following immediate corollary:

Corollary 6.2. Suppose p € W s > 2. Then there exists a constant Cgg such that for all
e<eg
sup [|Uellcs < Ces < 00

e<ep

and for all r < s+ 1 a constant Ceg,, such that that for all e < eg

sup sup [|wl|wr.e < Coo,r < 0.
e<gg t

The uniform bounds on the (2e-periodic) limit cycle w! are of particular use to us, because
wt = (—1)W5J wt: that is, up to a periodic change of sign, it is the same as the e-periodic drift

error term in the time discretisation of diffusion maps (22).

Remark 6.3. By applying instead Theorem 1.1 of Ilyin (1998), one can show that as € — 0,
the solution of the Sinkhorn iteration PDE (33), wt, converges to an averaging limit

over finite time scales (c.f. the Monge-Ampere PDE derived for non-symmetric Sinkhorn iter-
ation in Berman (2017)). As a result, one recovers the asymptotic rate of (standard) Sinkhorn
iteration
- —log[[U™ — U]
lim =

n—oo n

—/\167
where —\1 1s the first non-zero eigenvalue of the Langevin dynamics L.

Proof of Theorem 6.1. This amounts to checking the conditions of Theorem 1.2 of Ilyin (1998).
Due to the invariance of constant functions under Sinkhorn iteration we will project our PDE
(33) onto the subspace of zero mean functions Z defined in (28). We thus consider

o' = Lw' + F(w',e™ ) + X (e '), (34)
where

Flo,7) = (D741 - ) (Vo)
x(r) = (0 - 2)(52)).

o
and the projection operator

@@@»=A¢mmw@.

Suppose 7 > s — 1 (the result will then follow immediately for » < s — 1). Set Banach spaces
E=Wr*nNZF=Wrb*NZ X=W2*NZand £ = Z.
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Proposition 5.1 implies the various conditions on the linear operator £ and the averaged
semigroup e*! required for Theorem 1.2 of Ilyin (1998). We also have that the nonlinear part
F : E xR — F is Lipschitz on bounded subsets of E and the driver X has range in X. Both are
locally integrable over 7. As a result, we have that the attractor of (34) converges in the strong
space E uniformly to the attractor of d;w! = Lw® in E, i.e. zero. In other words, if {w’?}icr
is this attractor (which by the convergence of Sinkhorn iteration is necessarily a unique limit
cycle), then B

. t7 _
ling sup [l = 0.

If we let w! be the solution of the unprojected PDE (33) corresponding to the true Sinkhorn

weights with w"® = (—1)"log oU., then for all ¢ one has w'*¢ = —w!; furthermore if w%# is the
attractor (necessarily a limit cycle) of the projected PDE (34) then

wt —wh® = Zw! = /Dwépdy.
From (33) and using that Vw! = Vw!# we find that

Ao
sup ||8tZw§|| = sup ‘/ <%|th732 + 20) pdx| < co.
e<eo |/D

e<ep

Then using that Zw!™ = 1(Zw!™ — Zw!) implies that

. Z
gl_)I%Sltlp lwl — wh?||wre — 0,

giving us what is required. O

Because w! is up to a time-varying change of sign the drift term in the temporally-discretised
PDE (22), we will find it useful to make some more specific estimates on w! to prove the operator
convergence in the next section. In particular, we will show that w! = O(g), and that w! is
symmetric in time up to O(g?).

Lemma 6.4. Suppose p € W, s> 2 and w! is as in Theorem 6.1. Then for allr € 2,5+ 1)
there exist Cro,r, Cr1,r such that for all e < eg, t € [0, €]

[wE]lwr—2.00 < 5C71,06 (35)

and
17772 (wh + wE™) lwr-atrr e < Crore?, (36)

where * = max{4 —r,0}.
Proof of Lemma 6.4. Making use of Corollary 6.2 and Proposition 5.1, we have that

Ap1/2
2p1/2

< C1727"

— 5

10cwt w200 < 3 Kooir—2C60,r + KX o101 (KX Cooro1)® + H
Wr—2,<x>

t—e

.~%, and so as a result

From Theorem 6.1 we have that w! = —w

sup |Jwl|lyyr—2.0 = sup %sz — W |2 < %Cn,ra,
te[0,e] te[0,¢e]

as required for (35).
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To obtain (36), we will want to take the second derivative in time: however, for r € (2,4) we
do not have enough regularity in our function spaces to do that, so we will introduce an inverse
fractional derivative J~" /2 to compensate. In particular, we have that for ¢ € (0, ¢),

O " Pwt = 8, T POt
= %8,5J_T*/2(—Jwt +w' 4+ Vlogp - Vw' + Vow' - Vw' + Ac /o)
= —%Jlfr*p@twt + %J”’*/Qatwt + %Jfr*ﬂV(logp +2w') - Vo',
and as a result this second time derivative is uniformly bounded in W7—4+7"-:
104" /20 ||y oo < $Cr2,r + 35C60,r+

%cho;rféprr*,rfl,r73(Kov<>)2C72,T(” IOg p”WT_l'OO + 2069,7“*1)
=: 1Cro,r.

Thus, by applying Taylor’s theorem,

H Jor ) (w; +wit - 2w 2) H < sup [0 T Pt s we? < 10,87 (37)
Wr=atrT e te(0,¢e]
Since w? = —w¢, by setting ¢t = 0 in (37) we have
12077 2w 2 || yyreasre oo < 3Cr0, €% (38)
Recombining this with (37) we obtain the necessary result. O

Remark 6.5. Since from (38) we have for s > 4 (i.e. p € C**P) that
||ICE/2UE - P1/2||L°° = 0(52)7

the Sinkhorn problem can be used to perform second-order non-parametric estimation on the
density p.

7 Deterministic convergence of operators
Recall from (14) that the deterministic approximation to the semigroup is
P = UK. Uk..

In this section, we will harness our results on the Sinkhorn weight U, from the previous section
to Theorem 3.5 on convergence of P. to the semigroup e**. Before this, we will make some
remarks on the rate of convergence to the semigroup.

Remark 7.1. For the Sinkhorn normalisation the bias error convergence is of second order in
the timestep e, unlike the first-order convergence for standard weights (c.f. Proposition 11.3).
This is actually a result of the self-adjointness of the normalised operator.

To be more specific (and to outline the strategy of the proof of Theorem 3.5), we can write
the action of P. as solving the PDE (22), which we recall here,

¢’ =¢
80" = L' + Vat - Ve, (39)
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so that ¢° = P.¢, where recall that the discrepancy in drift compared with the semigroup is
Wl = log(K,Ue:) — Llogp, t € 0,¢).
Note that because the Sinkhorn normalisation (13) is required to be symmetric,

~0 1 : ~t
=logU, + 51 =-1 .
W, = logUe + 5 log p im u
If ¢, p,Ue are of sufficiently high regularity, for small € we can average the PDE (39) over
te0,¢]:

0 ~ L' +V (6_1/ wk dT) Vo'
0

The averaged drift can then be approzimated using the trapezoidal rule with

el

As a result the operator P. should closely approximate €=, as required.

Remark 7.2. The O(?) rate of convergence P. — e~ is in general the best possible for operators

of the form V. K U.. We can best see this by comparing the re-weighted operators for n = 1:

1
oVoKU.o™! = Vegef 220U,

and
L —1_ eta_lsrag
ge g = e ‘2 2 ,

1/2

where 0 = p*/=. Taking a power series in € and writing each side in the form

S

-1
DoAY (Bir + VB VAT | ¥,
E>0 j

I
o

we see that for the Bi_1 1 coefficients to match it is necessary that

0
&(Vs + Us)

— 1 -2
T 1)!0 Ago.

e=0

Unless Ao = 0, i.e. 0 = p'/? is constant, then this can only hold simultaneously for k = 1,2:
an O(e%) error between e5* and V.K.U. is thus the best possible (and hence we expect also an
O(e?) error for the spectral data).

To prove Theorem 3.5, we will require the following result:

Proposition 7.3. Suppose p € W s > 2. Then for all T > 0, 8 € (0, min{s — 2,1}), there
exists a constant Csg 1 g such that for all [t; —to| < T,

[Se(t1,t0)[|cs+s < Cso 1 p-
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Proof of Proposition 7.3. From Corollary 6.2, we have for all r < s + 1 an e-uniform bound on
the W norm of w! = (—1)#/=l4d!. We therefore also have uniform in & bounds on the C3+#
norm of 3 logp+ wt for 2+ B < s. We can thus apply Theorem 1.2 of Lorenzi (2000) to (22) to
obtain relevant uniform bounds on ||S(t1,to)||c2+s. By observing that (22) implies that

0,0y, 0" = LIy, 8" + VO, (51og p+ w') - Vo', (40)
we can then re-apply Lorenzi (2000) to obtain bounds on || S (t1, to)||cs+s- O
We now prove Theorem 3.5.

Proof of Theorem 3.5. The definitions of G, H., Ps, Q¢ follow immediately by observing that
for 0 <ty < t; <e,
Se(tr,to)p = (K, Ue) ™ Coy 10 (Ko Ue ) ).

Writing So(t1,t0) = e1 %)% the discrepancy in the errors is

t1
Sg(tl, to) - So(tl, to) = S()(tl, T)V?DZ . VSE(T7 tl) dT. (41)

to

We can then bound

[1Sc(t1,t0) — So(t1,to)llcs+sspoe

IN

(t1 —to) sup (|[So(tr, 7)l Lo K3 0,0, K0T [[wie %
T€[0,e]

Kovo [|Se(, tO)||C3+BHW1,oo)
€ KDXO;O,O,l(Kovc)2O71,1€ 1S=(7, to) | s 45 w100 €

X V2 C 2
eK%.001(Kx) Cri1K3,51Cs91,867,

IN N

where in the second-last inequality we used that w! = (—1)l*/<Jw!, and then Lemma 6.4, and in
the last inequality Proposition 7.3.

Using that S.(t1,t9)L°>° C C° and that the C*+8 norm dominates the W norm, we obtain
(23) for t1 —tg < e.
We can use the previous result to reduce from all 0 < t; — tg < T to the case where t; — g is a
multiple of e: mathematically, this is because if m = | (t1 — ¢9)/e], then we have

[15=(t1, o) — So(ta, to)llco+e - oo
< ||Se(t1, to + me)|| oo ||Se (to + me, to) — So(to + me, to)||ca+s oo
+ 1S:(t1, to + me) — So(t1, to + me)| cs+s s poo [[So(to + me, o) csts
< ||Se(to + me, to) — So(to + me, to)|los+s L=
+ Kgo;&g”SE(tl, to + ms) - S()(tl, to + m€)||c3+6_>Loo.
At the same time, simply applying the previous argument to t; — tg = me will give an error of
size O(e) instead of O(g?): we need to average over a cycle of wt. The aim is to move all the
VI -V drift operators in (41) in a period of @] to the same point in time, and show that their

average is small (c.f. Ilyin (1998), Chapter 7 of Henry (2006)).
To move the drift operators in time we will use that

d
HdTSE(T’tO)

= ||£ + VI - Vwsoo i KS 5 5] S (7 t0) || co+s
C3+B 1,00

< (Kooz + KOXOJJJCHQ(KZ)2€0)K§+¢3,3C89,T,5 = Co2,7,8,
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so that if £ = s +e|e (7 — to)],
15:(7,t0) = Se(t, o)l ca+sswree < Coz,1 g8,
and so using Lemma 6.4,
180 (t1, ) VL - V(Se (T, t0) = Se(F,to))llosss s poe < (KL)?Cr1,1Con,r -

To change the length of the Sy part, we use that, for any r € (3, min{s + 1,4}),

— 1Ll wooos 1o [1S0(t1, 7) lwr—2 s ywaee
WT—2,0<>_>L00

S Koo;O(tl _ T)r/272KT

00;r—2,29

d
— t
HdTSO( 1,7)

so by integrating we have

[1S0(t1,7) = So(tr, E)lwr—20 o0 < Koo KL 90(5—1)7" ((tl —)TA T (- — E)T/%l) €.
We can then bound the remaining part as
V] - VSe(E,to)l|cavs w200 < Csom 8K, g3 KX 5, 02(KY) Crip_a.
As a result, for some constant Co3 7 3 we have
HS()(tl, T)VUA); . VSE(T, tl) - So(tl, E)V’UA); . VSE(E, tl)”Ca‘FBHLOC
< Cozrp ((tl 8P — (- - E)T/Q_l) &
and so using (41),

[|S< (to + me, to) — So(to + me, to) | ca+s oo

m—1
< 093,T,[3 max{me, (mE)T/Zil}E/‘Q + Z

n=0

(42)

e(mfn)eﬁvws -V Sc(to + ne, to)”03+ﬂ_>Loo ,

where

Then, using that

to+e 5 e/2
/ wtdt = / wtdt = / (wh +ws ) dt,
to 0 0

we have from Lemma 6.4 that, for r € (3, min{4, s}),
|J=4= 25, || L < 1C70,08°.

This means that w., a function in W™ is particularly small in the negative Sobolev norm
W=+ To avoid dealing with negative Sobolev spaces, which particularly due to the endpoint
parameter of integrability p = co are complex to negotiate, we make an excursion into spaces
associated with co > p > 1, where we can easily apply dual norms to get the result we would
like.
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If we let p € (1,00) and set ¢~! =1 — p~!, then we have that for ¢ € W3,

e(mfn)5£/2v,w€ . V(b’

= sup /zbe(m*”)de@ngdx.
v llg=1J/D

1
Since e =e2 is a symmetric kernel operator with respect to the measure pdz,

this and integration by parts give that

m—n)el/2 (t=t)L

/D Pel L2y g,V de = — /D Weg de, (43)

where

gi= V- (e~ 1) pVo)
This term can be bounded in the W*~"9 norm with liberal use of Proposition 5.1, by using that

v (e m=eom0) pv0)

and

I (02071 pllawsa < Koty s rallpllws Koo ((m = m)e/2)~ 07207 o,

<KV K rsra || (727 ) KX [[¢lws

- .

Thus, there exist constants Cos 1 p » such that for all (m —n)e < T,

lgllwa-ra < Courp((m — n)a)—(S—r)/zl

Returning to (43), we obtain that
/ Wegdx = /(J7(47T)/2155)(J(47T)/29) dz,
D D

using firstly that J—("=2)/277(4=")/2 is the identity, secondly that from (21), J=("=2)/2 is a
symmetric kernel operator, and finally integration by parts. Using this we can deduce that

/ wegde < [|774 2w Lolg]lwar.a
D

< IPIYPIT 2 | 1 Coa o (12— m)e) =772

< Ld/p%070,r€3094,T,p,r((m —n)e)~ /2

= Cos,1p,r((Mm — n)e)~=T)/2e3,
As a result, we can say that
[etm=meer2va,  Vsitto +nesto)| L < Conpullm—me) C2E (44)

To obtain (42) from (44), it remains to obtain a bound on the rest of the action of the semigroup
le(m=m)eL/2|| ) oo Recalling the definition of the Gaussian kernel (7), we use the Gaussian
upper estimate (Liskevich & Semenov 2000) that for ¢t < T,

(e£/26)(x) < Cog / geore(@ — 1)d(y)dy
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for some Cyg, Co7 depending on ||V1ogpl||p=, L,d, T, to get that

1726 ]| L= < Collgcaresallnalldlie < Cosa™"?U(Cort/2)~P(|¢]| o := Cog pt =P || §] -

Then, applying also Proposition 7.3 for the norm of S.(tg + ne, tg), we have

< Co8,,Co5,7,p,r KS, 3 3Cs0,7,5((m—n)e) ~G=7)/27d/pe3,

(45)
Fixing r and choosing p > 2d/(r —3) we have (5—7)/24d/p < 1 and thus there exists a constant
Coe6,1,5 such that for me < T,

He“”*“)“:wm - VSc(to + ne, tO)H

S,OQHLOQ

m—1
Z He(m*")scvwg . VSE(tO + ne, tO)H < 09671“7/362.
=0 W3,00 5 [0
Combining this with (42) gives us (23) for t; = ¢y + me as required. O

8 Convergence of kernel operator in finite data approxi-
mation

We now turn to the “variance” error, i.e. the convergence of the finite data approximation as
the sample size M — oo. In this section we begin by showing the convergence of the discretised
Gaussian kernel KM to the continuum limit .. We prove convergence first pointwise for fixed
functions, then extend to convergence in norm on fixed functions, and then finally to norm-
convergence of operators.

Recall from (9 — 12) that we defined the operators K. and KM as

(K.6)(x) = / ge.0(z — 1)d(y)p(y) dy (46)
and
| M _ _
(KY6)(w) = 37 D ge o — 2o, (47)

Since the {x;} are sampled from the measure p, the continuous operator K.¢ is the expectation
of the discretised operator KM ¢ with respect to this sampling. Because the discretised operator
is the sum of independent random variables g. 1 (x — 2%)¢(z?), it is therefore natural to try to
construct central limit theorems.

The basic result we will use for this purpose is the following general result that provides
strong quantitative control on the tail probabilities:

Lemma 8.1. Consider an i.i.d. collection of bounded, centred random variables X;. Then if
E[X?] <v and c < 2log2v/| X,

M
P ( — E,l X;
Proof. We have the Chernoff bound

M
1 e
P <M E X > c> < mine Metp[otX )M,

=1

> c) < e~ Mc?/4v,
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The second derivative of E[¢!X], the moment generating function of X, can be bounded

4 ix 2 tX 1 X || oo
@E[e ] = E[X2eX] < veltlIXle
and therefore using Taylor’s theorem and that E[X] = 0,

1

=426t X o0
E[etX] <1+ %t2ye\t||\X||Loo < €2t ve L

Consequently,

M
1 Lo r2Erx 2161 X Loo
Pl STx. > ¢ < mineMAE[tXM < min e~ Met+7z MEEX]e .
(M Zl ¢ -t [ ] - ¢
i

If we set t = ¢/2v, we have by stipulation that eltllXllzee < 2 and so

1
) —Mc?/4v
P ( E X; > c) <e .

i=1
The lower bound follows similarly, giving the required bound. O

To deal with the fact that we are using the periodised Gaussian kernel g. ; rather than the
standard one g., we will require the following proposition:

Proposition 8.2. Define the increasing functions of €

272
—j°L%/2¢
Ve, L = E e’ / ’
JEZ
o0

j=1

Then for all z € [-L/2,L/2]¢,

gE,L(aj) < (1 + ’Ye,L)dgs(mL

sup ge.. < ¢ 19:(0),

Lip g, < 7,cq LiD g,
where

Voed = e+ dvé,wiil-

The next lemma, on pointwise evaluation of the operators we are interested in, follows from
Lemma 8.1.

Lemma 8.3. For all ¢ € C°, ¢ < ||p|lolog2 and z € D,

P (K21 0)(x) — (C-0)(2)| > el9]o) < 2exp {‘wL R } .
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Proof of Lemma 8.3. Equations (46 — 47) and the independent sampling of the x* from p mean
that (KM ¢)(z) is a sum of i.5.d. centred, bounded random variables:

Mo 1o
(K¥9)(@) = 37 2 8a(a),

where '
gw(y) = ge,L(x - y)¢(m7) - Ey[ga,L(x - y)¢(y)]
The sup-norm of this function is bounded as

lozllo < 2llge,r(@ = )o()llo < 2(2me) 242 L[| llo,
and the L? norm as
Elo:)?] < Eylge (2 — 1)*¢(y)?]
— [ gerle = 920w olu)dy
< (2me)~ 2 Ll¢l3llollo-
From an application of Lemma 8.1 the result then follows. O

By using the compactness of our domain D we can extend this to bounds on the function
norms:

Lemma 8.4. There exist constants Co,C1 depending only on L,d, ||pllo,e0 such that for all
£ <eo, € CYandc<|plolog2,

P (|(C2 = K)éll, > 2eligllo) < 2C1c™ %Mt 2 exp { -y Me?2e?)
Proof of Lemma 8.4. Firstly, we have the deterministic bound that
Lip(Ke — K2)¢ < LipKe¢p + Lip KM ¢ < 2Lip gel|éllo = 2~ /2(2me) 9L _alldllo.  (48)
Now, define the finite subset of the domain D = [0, L]¢
Se ={(&n1,...&ng) :n1,...nqg=0,...,[L/§] — 1.}.

No point in D is more than v/dé away from an element of S¢, and S¢ contains no more than
(L/& + 1)? points.
By applying Lemma 8.3 and a union bound, we obtain that for all x € S¢

P <Su§> (KM ¢)(x) — (Kep) ()] > C||¢>|o> < 2(L/€+ 1) exp {~CoMec?},
TESe
where the constant
Co == 3757 2m)*|Ipllg -
Using the Lipschitz bound (48) we can then say that
P <Sup (K ) () — (Kep)(@)] > (e + 251/2(27T5)d/z\/g72,s,d£)||¢||0)

zeD
<2(L/&+ 1) exp {—CoMad/QCQ} .
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Setting
cel/? (27r5)d/2'y}4757d

_ N

we obtain

d
2L/ de=1/2(2 —d/2
P(|(’Céw—lce)¢|o>20||¢o)é2< Ve i) +1> exp {~Conret2c2),
L,e,d

which requiring that ¢ < ¢p and setting

d
Cr = (2LVA2m) 2 7y a + 26l log 2)

gives the required bound. O

We would now like to extend this result to convergence as operators. Recall that we defined
for ¢ > 0 the complex domains

De ={z+iz |z eD,ze[-((%,
so that D C D¢ C (C/LZ)%; we also defined the Hardy spaces
H>(D¢) = {¢ € C°(D¢) : ¢ analytic on int D}

with || - ||¢ being the C°(D¢) norm. In Theorems 3.1 and 3.7 (presented in Section 3) we show
that when the size of ¢ scales with the kernel bandwidth /g, K converges in operator norm to
Ke.

To extend from function-wise convergence to uniform convergence across all functions, we
will again make use of a compactness argument: this time, the compact embedding of H*°(D,)
in C°(D). This choice allows us to obtain good operator convergence bounds in the strong space
H*>(D¢) as, Gaussian convolution C. maps the weak space C°(D) into the strong space H*(D)
with an O(1) penalty in norm, provided that ¢ is O(¢'/?) (see Proposition 8.8).

However, this scaling restriction on (, which arises from the width of the Gaussian kernel,
leads to a complication. The larger complex domain D¢ is only a relatively small extension of the
real domain D, which means that a covering of H>(D¢) requires a number of C°(D) balls that
is exponentially large in e ~'/2 and thus jeopardises the Central Limit Theorem bounds obtained
in Lemma 8.4.

However, we can use the Gaussian kernel’s localisation to our advantage, as the values of
KM (), K.p(x) more or less depend only on values of ¢ inside a ball slightly larger than O(¢'/2).
We thus divide our domain D up into small, overlapping cubes £ of this size: the complex (-
fattening & is a sufficiently large extension of £ and on each of these cubes we therefore have
acceptable covering numbers.

We will make use of the following quantitative compactness result, proved in Appendix B:

Proposition 8.5. Let £ C D be a hypercube of side length 2¢ > 2(/ny and, & the closed
(-fattening of €
E={xeD¢:d(z,&) <}
There exist constants Cy1,C12 dependent only on ng,d such that for each £ € (0, %) there
exists a set Sé’g such that for every function ¢ € H* (&) with |||l g,y < 1,

sup [ — Yllcoey <&, (49)

£,
YeS;
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and the cardinality of S?C 1s bounded by
|SE¢| < e(Crnlose ™ +Cu log(¢™1))(¢™ £log ™)

Using Proposition 8.5 we can prove central limit theorem-style bounds on the operator norm
of KM — K. from a strong space associated with a larger cube £ to a weak space associated with
a smaller cube F.

Proposition 8.6. Let £ be as in Proposition 8.7 and let E be a hypercube of side length
2l < 20 centred inside £. Then there exist positive constants Cia,Ci3,C14 dependent only on
HPHOadaL7n07€0 such that fO’I’ c S Hp||010g2)

P ([[(KY — Ke)le |l e (ec)—co(m) = 3clld]lo)

Mc?
< Cizloge™ + Cigloge™ + C12log(/¢) ™ (/0) — s b
> eXp{( 1310g¢ + C14loge + Ci2 Og( /C)) ( /C) 4(27T€)7d/2||p||0
Proof of Proposition 8.6. The proof proceeds analogously to the proof of Lemma 8.4.
Let Sg’c be as in Proposition 8.5. The difference between the operators can be bounded
deterministically by

1Y = Kello < IKM o + 1Kcllo < 208  (2me) =/
and so, using (49),

< 292 (2me)4%¢ (50)

sup |2~ Ko)Le(loli o — ), <

£,
YES,

for all ¢ in the unit ball of H*(&;).
On the other hand, we can apply Lemma 8.4 and a union bound to show that

P sup [[(KM — Ko)Lewllo > 2¢ | < SECICe e @D/ expy {fC’OMsd/QCZ}. (51)
PpeSLe )

By combining (50 — 51) and setting £ = (27r5)d/2c/27§’L we obtain that

P < sup (KM — K)o > 3c> < |s(gj /2 /QVdL\clc—dg—dum/zexp {—co Mgd/ch} ,

[l oo g)<1

which using that € < gq, £/¢ > 1o and ¢ < ||p||oplog2 and the bound on Sf’C in Proposition 8.5
gives the required bound. O

We can also make a deterministic bound on the error that this restriction to the larger cube
£ introduces relative to the full diffusion:

Proposition 8.7. Let £, F be as in Proposition 8.6. Then

2
H(Ki.w — KS)lD\SHH"o(Dc)HCU(E) S 2(1 + 757L)d(2ﬂf)_d/2€_(g_l) /25.
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Proof of Proposition 8.7. For x € E,

M
KM o (a)] < 5= 3 lge — a) Lone ()10l

i=1
< sup g(z —y)llolo
yeD\&
< (2me) ™2 (14 5e 1) e 0 o,
Similarly,
Kelo\e(@)] < (2me) 2 (14 7e.0)%e 060
Combining these results and using that || - [|o < || - ||¢ we obtain what is required. O

This is enough for us to prove Theorem 3.1

Proof of Theorem 3.1. Set

(=2l = \/85 min{1,log(2(1 + 7.,.)%c 1 (2me)~4/2)}.
From Proposition 8.7 we thus have
(2 — Ke)lovell e (e)—com) < e
Combining this with Proposition 8.6 and using that ¢/¢ < Ciglog(c™1e™!) we have
P ([[(]CY — Ko)le |l oo (e)—co(r) > 4elld]lo)

_ _ 1 Mc?
SGXP{(CNlOgE '+ Cigloge™" )™ log(c e 1)d—4(2m)—d/z||p||o}-

The full domain D can be covered by [L/l]? < (1 + L/+/8¢)? hypercubes of side-length 1.
Thus

P(IUCY — Ko)ell i~ ey—co) > 4elldls) < exp { Canlloa(2ec) ™)+ — CoMe®/2) , (52)

which by relabelling 4c — ¢ and ¢ — /2, and setting Cys = 27%2C,/64 gives us (3.1), as
required. O

The remaining necessary ingredient for the proof of Theorem 3.7 is a bound taking one from
the weak space back into the strong space. Recall the definition of the Gaussian kernel operator

(8):
C.d() = / ge.0(z — 1)d(y) dy.

Then the following proposition holds:

Proposition 8.8. For all ¢ € C°(D),

2
IC-¢ll¢ < e /*|g]lo-
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Proof of Proposition 8.8. Extending ¢ periodically to R?, we find that

ICcollc = sup
z€D,ze[—( (|4

d —yjtizg)?
sup / (2W5)—d/267%2j:1(% yj+iz;) /25||¢||ody
z€D,z€[—(,¢]¢ JRY

2
= sup e*1/*g]l,
z€[=(,¢]?

[ ey e e gy gy
Rd

IN

giving the required result. O
Proof of Theorem 3.7. We can decompose
KM = Ko = Cepa(Kly — Kep2),

where we recall that C. is convolution by a Gaussian of variance €. Combining Proposition 8.8
and Theorem 3.1, we obtain the necessary bound in the H*> norm. O

9 Convergence of the weighted operator in finite data ap-
proximation

We now turn to the normalised operator PM. We must first bound the convergence of the
function UM solving the discretised Sinkhorn problem (10) converges to the continuum limit U,
solving (13). To apply uniform bounds on U, and (I —P.)~! in the C° norm to Hardy spaces,
we will find the following proposition, whose proof is in Appendix C useful:

Proposition 9.1. Suppose that ¢ > 0. Then if ( = Zoe*/? with
T _ _ _
Zo < g (19llollo Hlollellollo~ o) 2,
then if v = 1/(K¢), the bounds in the Hardy norm hold

[lle < 2ll¢™"[lo
_ 2
1~ le < € pllolléllo-
As an immediate consequence we have

Proposition 9.2. If ( = Zye'/? with Zy < n(||pllollp0C3)~2/8d, where Cgg is defined in
Theorem 6.1, then
1Tl < 2C6s', (53)

We will also find the following proposition useful:

Proposition 9.3. There exists a constant Cyg such that for all € < €y and Zy as in Proposition
9.2, then
I(I +P:) " l¢ < Cus. (54)

To prove this proposition we require the following result, whose proof is in Appendix C.

Lemma 9.4. There exists a constant Cyy such that for all e < gg,

(I +P=)" o < Cao.
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Proof of Proposition 9.3. We decompose
(I-P) ' =T+P(I-P)"".
We then have for ¢ € H>*(D,) that

1P=(I = Pe) ™ gllc < Ul Dello—scIUellolI(Z = Pe) " llollllo,
which by an application of Proposition 9.2 and Lemma 9.4 gives
2
[P=(I = Pe)~*llc < 2C35e** 0 Col|9lo-
Using that || - |[o < || - ||¢ we obtain the required result. O

We can now prove convergence of the Sinkhorn weight as the number of particles M — co:

Lemma 9.5. Suppose Zy is as in Proposition 9.2. There exist constants Cs7,Csg such that if
6 < C37 then
U2 = Uefles V2" = Yello, 1(Y2) ™" = (Y2) "o < Casd,

where ( = Zye/2.
Proof of Lemma 9.5. We can rewrite (13 — 10) as

Ue(z) (K U:)()
UM (z) (KX UM) ()

1
1

If for 6 € [0, 1] we set
K? =1 -60)K. +6KM

then we obtain a one-parameter family of Sinkhorn weight functions U? solving
U2 () (KZUZ)(2) = 1. (55)

The existence and uniqueness of the U? follow from the positivity of the operator K¢, on L>(D)
for § € [0,1) and on L*>®({z*};=1.as) for = 1.
Furthermore, because

d 0 _ M
=K K.

is a bounded operator on H¢®, we can apply the implicit function theorem to (55) as long as U?
stays in H2°, so that

d
W logU? = —(I + UKLUS) U (z) (KM — K)U?) ().

We have from Propositions 9.2 and 9.3 that ||U.||¢ < 2Cgs, and ||[(I—P.) || < Cis, and from
Theorem 3.7 that || — K. < 24235, Note that since P. has 1 as an eigenvalue, Cyg > 1/2.
If B(0) := ||logU¢ —log U.||¢, then

d
B'(9) < HdglogUf

< Cas(1 — Cus|UZKEUL — P.|lc)~1e*%0 5| U7 .
¢
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Because ||U?||; < 2CgseB?),

40628 04862ng 5623(0)

B'(9) < :
1~ 4C%Cas (K2 B(6) (2P D + PO 1 2255 D))

and because | 8| < [|K.|lc + 0e24235 < 1 + €425 5,

_ 402,Cy5e29%0 528 (0)
T 1—4CZCus(2(1 + €29736) B(0)e2BO) + ¢20735¢B(0)))”

B'(9)

Thus, as long as B(#) < min{e2%5, Cyo} and § < Cs1/(4C2%Cyse2%3) =: Cy5 for some fixed

constants Csg, C31, Csa,
2
B'(0) < C524CEsCage*06

and thus 2
| log Uz —log UM || < B(1) < C304C2Cyge®?%06.

Furthermore, for some fixed constant Csg,
JU2 = Uelle < Ul (ellesvetes 2l —1)
< C338C3,Cuse29%0 5
S 033803804862dzg(5 =: 0345,

as required.
To prove the second part, we use the definition of YE(M) in (15) to say that

YsM Y. = (Ké\% - ’C5/2)U€]w - ’Ce/Q(UsM - UE)

and so
VM — Ye|lo < (2C6s + C35 + C34)8 =: Cs66.

Furthermore,

Y2 (VM vy
YM -1 _ Y. -1 _ € € €
(2 - 0 = s

and so using that
1Y lo < o™ HlollUZ M lo < o™ lollpUello = o™ llollolloCes»
we have that provided that § < min{Css, (C363 o™ l|ollplloCss) '} =: Csr,
1Y)~ = (o)™ o < 2(llp ™ lollplloCes)* Ca68 =: Cssé.

Readjusting C3g = max{Csy4, Cs36, C3s}, we have what is required.

O

The convergence of the Sinkhorn-weighted operator then follows in Theorem 3.8, which we

prove here:

Proof of Theorem 3.8. We can decompose

PM —P. = UM(KY — K)UM + UMK (UM —UL) + (UM — U)K UL
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Using Lemma 9.5, Propositions 9.2 and 9.3 and that ||K.||¢ < ||pllo we have that

[P —P.|lc < ((2Css + C35C57)Cas + (2058 + C35Cs7)| plloCas+

CBS||P||O2068)e2dZ§67
: 0395

for some constant Cjg.
The corresponding bounds for the half-step operators G, HM and the semi-conjugate op-
erator Qi\ﬂ arise similarly, with an appropriate adjustment of Csg; this extends to general

QM = (QM)" by using that Q, Q. , are row-stochastic and thus have unit C° norm. O

10 Convergence of spectral data

We can now combine our “bias” and “variance” operator errors to understand the convergence
of the spectral data. Instead of the operator PE(M) = géM)’HéM) we will consider the semi-
conjugacies Qi{\f) = HﬁM)géM), so that we can use the function space C° consistently across the
two limits. The outline of our attack is standard (Keller & Liverani 1999): we will first establish
the convergence of resolvents in a strong space-to-weak space operator norm sense, and then
use this to bound the error in the discretised operators’ spectrum, and in spectral projection
operators (and thus eigenspaces).

While the variance error Qéwm
3.8), the bias error Q. , — e"*£ is only small from the strong space C3T7 into the weak space
C°. To obtain convergence of resolvents we must therefore quantify the regularising behaviour
of the operators Q. ,, from the weak space into the strong space:

— Q. is just a perturbation in operator norm (from Theorem

Proposition 10.1. Suppose p € W*>°, s > 2, and 8 € (0, min{s —2,1}). For all T > 0 there
exists a constant Choo,g depending on T', p, B such that for all e < ep, ne > T

1Qenllcosca+s < Croo,
where Q. ,, is defined in (18).

Proof. For T < ne < T + ¢ this is a Schauder estimate (Knerr 1980), which can be extended
from C?*8 to C3+F along the lines of Proposition 7.3. For larger n, this follows by using that
[Qe1llco =1. O

Let us denote the resolvent of an operator A as
Ry(A) :== (M - AL
We have the following bound on the resolvent of our semigroup in the C° norm:

Proposition 10.2. For all T > 0 there exists a constant Cog depending on T,p such that for
t>T
IRA(e")llco < [AI7H(1 + Coad(A, €'79))).

Proof. Using that || - [[co > || - [|2(,) we have

IRA(e) oo < N7 (1 + [l 2 co [ RA(€) 2 -
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Upper Gaussian estimates on e* (Liskevich & Semenov 2000) mean that we can bound

el L2(py—co < lle N2 py—colle ™ L2y = lle? |12 (py—co =t Cog.

tL to (L)

Furthermore, since e** is normal in L?(p) with spectrum o(et*) = e , the resolvent’s norm

is bounded by the distance to the spectrum
[RA(E) | 2(p) = d(N, €"7F),
giving us what is required. O

The following result then allows us to extend the previous bound to resolvents of the discre-
tised operators:

Lemma 10.3. Suppose ne € [T,T], and let the quantities
X1 = |/\|72(1 + ngd()\, €t0(£)))0907T,
Xo =1+ [N 71 (1 + Cogd(N, e'"9))),
X3 = |>\|71039T€715X2.
Then Zf5 < O3y,
(a) If C100X1 < 1, then R\(Q:n) is bounded in C° and
Xo

_ Lne 3 0 < e .
HRA(QEJL) Ry (e )HC +65C0 = 1— CrooXy X1
(b) If C1oo X1 + X3 < 1, then RA(Qé\fn) is bounded in C° and
IA~1X X

R Qi-wn -R Qan S .
1R#x(Qen) M@)o (1= ChooX1 — X3)(1 = Cro0X1)

Proof of Lemma 10.3. By algebraic manipulations we have both that

RA(Qa,n) = )\_1(1 + Qst/\(Qa,n)) (56)

and
RA(Qen) = RA(57°) + AL RA(Qc.n), (57)

where the operator
X, = )\_IR)\(GLnE)(Qg}n _ eﬁne).

By substituting (57) into (56), we then have that

(I - Xl Qa,n)R)\(Qa,n) = >\71X2,

where
Xy := T+ Q. , R (e57°).

We then have using Theorem 3.5 that

¥ llgsts oo < [ATHIRAEE™) [ col| Qen — € [losta o < X1,

1¥allco < 1+ [ RA(€") | col| Qemllco < Xo,
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so, using Proposition 10.1, if C19pX; < 1 then

|)‘| 1;(2
R Q 0 < — Q.
|| )\( s,n)HC S 1 CionXy < (58)

Then, substituting (56) instead into (57) and rearranging, we obtain that
(I - X Qe,n)(R)\(Qe,n) - R}\(eﬁne)) = XA

so that again if Cigp X7 < 1,

X
IRA(Qein) — Ra(e7™)lcsts 0 < :

—— X
S 1= CeX, "

as required for (a).

For part (b), we have that
(R/\(an) — R\ (Qen))I — (Qéwn — Qen)RA(Q:n)) = R)\(Qs,n)(Qg[n — Qe n)RA(Qen).
We also have from Theorem 3.8 that
1Y — Q. nllco < Cagnd < CagTe™ s,

and so, using (58),

QM = Qe Br(Qenllen < 15—
Consequently if
X3+ Crp0X71 < 1,
then . ALXoXs
IRAQM) = Ra(Qellen < g o=
and in particular, Ry(Q2) is bounded. O

Using Lemma 10.3, we can prove Theorem 3.3:

Proof of Theorem 3.3. Fix T and set T =T + 2¢¢ and n = [T /).

(1) .
Ak and the eigenvalues of €£7¢ are ¢"*+. On [e=TA< 1], the

The eigenvalues of QQ@ are e
logarithm function is bi-Lipschitz, so bounds on the errors in the eigenvalues of Qg%) translate
to the bounds necessary for the theorem.

By considering the constants in Lemma 10.3 we find that for ¢ and 71§ sufficiently small,

the resolvents Rx(Q:.r), RA(Q2,) are bounded respectively for

d()\, U(eﬁne)) < 010362,

d(X, 0 (e£%)) < Chos(e? + 716).
This bounds the distances between the spectra of Qg%) and of e“"¢. Furthermore, if Cyo4(e? +6)
is smaller than r, which we define to be half the smallest gap between distinct eigenvalues and

between the eigenvalues and e~*+, then by considering the rank of the relevant spectral projec-
tions, the multiplicities are preserved.

35



For part (b), we will use the spectral projections, II, Hl(c{\g), where I, is the L?(p)-orthogonal
projection onto Ej, and

27

M T
) =2 ) R ning e (QED) 6. (59)

When Cjo3(e2+§) < r, then H( ) are projections onto the finite-dimensional spaces HsM)E(M).
Choose g € (0, mm{s -2, 1}) where s is such that p € W*. Lemma 10.3 and equation
(59) give us that
ITE = Myl gss oo < Cros(e? +e710).

If ¢ € E), with ||@]|co = 1, then
47216 — GM I gll oo < [[(e°57% = G2y — GY (T — TR ) 6| co
< (172 = Gellgoss oo + G = G2 llco) Ik
+ Cros(e? +576) ) glcos

< (Coo,7% + Cso®) el v + Cros (€ +€76) ) s,

where in the last line we used Theorems 3.5 and 3.8.
We know that II; is bounded on C3*# (independent of M, ¢), and that Ej is a finite-
dimensional subspace of C®1# and thus the C° and C3*? norms are equivalent, so that then

€42 — GM I 6| co < Cro6(e® +2710) |9l oo
< e)‘*g/2C106(€ + 5715)37&66/2“@{)”007
Now, e£/2IT,.¢p = e~ */2¢, and gMH ¢ € Ek e’
d(¢, EML) < Cror(e? +2710).

As a result of Lemma 1 in Osborn (1975), we have what we need for E}.; the equivalent for Ej, .
holds similarly. O

Proof of Corollary 3.4. The difference between the graph Laplacian eigenvalues and the semi-
group eigenvalues can be bounded

A ZADD| = 71— oM 1 —ea(MD)
<1 G /\(M))
< 3% < Cipse,

where in the second-last inequality we used from the proof of Theorem 3.3 that —)\( ) is forced
to be greater than —\,. Combining this bound with Theorem 3.3(a) gives part (b) part (a)
follows similarly from Theorem 3.2(a). O

11 Results for standard weights

In this section we will sketch the proof of Theorem 3.2 on the convergence of spectral data for
standard weights. For the most part this closely follows the argument for the Sinkhorn weights,
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however it is somewhat simpler in that the weights are explicitly given, and the bias error is only
first-order in the timestep so the averaging argument is not necessary.

We will again study the bias error by interpolating 755,0( in time as a PDE. We begin by
bounding the associated drift term: as with the Sinkhorn weights, we will need to venture into
bounding the norm of inverse derivatives of the drift terms.

Proposition 11.1. Suppose p € W s > % and let r* = max{0,2 — s}. Then there exists a
constant Ci3a s such that for all e > 0,

|77/ log p. — 10g pllyys-24rs.00 < Clza s€.

Proof. Because J and A commute and ||e!2| = < 1, for all ¢

tA)2

| pellwee = |€¥2/2pllwrece < |lpllws o

Consequently if we set w? := J~%+/2log p;, then because p, > inf p,
[w'[ye+reioo = [[10g p[lwresce < Chsis
for some C131,5. Then, because
Ot = %Awt + %J‘S*/2|VJT*/2wt|2,
there exists Cy32 s such that for all ¢ € [0, go],
(|0 || yyre—24r+ 00 < Cha,s,

and so
177572 (log pe —10g p)|lyyrs-2+r.00 = ||lwe — wollyys—2+r.00 < Ciz2,s6,

as required. O

Proposition 11.2. Suppose p € W s > % Let w;a = log(lCE{t/E}Uaa) — (1 —a)logp, and
let r* = max{0,2 — s}. Then there exists a constant Ciss s such that for all e € [0,¢&0],

175+ 240E ez oo < Chgs g€

Proof. Because p. < inf p, we know that for all £ € [0, &¢],

1pUe allws = llppz *llws < Ciza,s

for some constant Ci34 5. As in Proposition 11.1 this gives us uniform boundedness of .J —sx/ Zw;a

in W5t and so by a similar argument we obtain the required result. O

The following proposition bounds the convergence of the continuum operator 73€’a as e — 0.
In this case an averaging result is not necessary: we only need to bound the drift term.

Proposition 11.3. Suppose p € W5* s > %, and let S’E@(tl,to) be the solution operator of the
PDE

019" = Lad" + Vg™ - Vo', (60)
where Wy = log(Kegi/eypz ) — (1 — o) log p.
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Then

Furthermore, for allT > 0,5 € (%,min{l, s — 1}) there exists a constant 0907T7ﬁ7a such that for
all0<t; —tg <T and e < &g,

[1Se.a(t1, to) — e f0ee | cars oo < Coo,1,,ac- (61)

Proof. The first part is as in the proof of Theorem 3.5.
From Proposition 11.2 we have that for r € (£, min{2, s}),

|‘J_T*/2_1V1I}E7a HW572+7"*.90 < Kv01357r€,

where 7* = max{0,2 —r}.
We then have that for 8 € (3, min{1,r — 1}),

Hsa,a(tla tO) - e(tl_to)ﬁa ||C2+5—>CO

t1 .
< / e LT - Ve colISe (1, 7) | crn sy dT- (62)

to

By passing through LP spaces so as to consider the adjoint and thus implicitly pass into negative
Sobolev spaces, as in the proof of Theorem 3.5, we find that there exist n < 2 and Ci36, 3 such
that .

||e(t1_‘r)£“ Vg - VHWT,OQ*)CO ||SE(T, t0)||cz+B4)W7\f>O < 013677’,582@1 — T)_U/Z,

which by integrating (62) gives the necessary result. O

When p has higher regularity, we have the following tighter result, comparable to Proposition
3.6:

Proposition 11.4. Suppose p € W= for s > 3. Then for all a € [0,1], 5 € (0,1) there exists
a constant Cor o517 such that for all to <t1, € < ep,

1,0 (t1, to) — e 7005 | cats oo < Cora,p(ts — to)e.

We now consider the variance error. The following proposition follows directly from Propo-
sition 9.1 and Theorem 3.7.

Proposition 11.5. There exists Zy such that if ( = Zoe'/?, then for all € € [0, 0],

pelle < €2 ]|pllo
o= e < 2l o
12" = pelle < €*706. (63)

Using that Ug’a = p_“ and another application of Proposition 9.1 allows us to bound the
weights:
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Proposition 11.6. There exists Zy such that if { = 2051/2, then there exists a constant Ciyg
such that for all € € [0,&0], a € [0, 1],

||U6,04H4a ||1/U )

Vool 1/ Vealle < Cuao.

By combining these estimates with (63), we obtain that

Proposition 11.7. There exist constants Zo, Cs7, Css such that for all € € [0,¢0], a € [0,1], if
6 < CUs7 then

1024 = Ueallc, V24 = Vel 1924 = Veallor 1025)7" = (Fe0) o < Casd,

where ¢ = Zye'/2.
The next proposition then follows along the lines of Theorem 3.8:

Proposition 11.8. There exist Zy,Cs9 such that sz = Zoe'/? and § < Cs7 then for all e < g
and n € N,

IP2G = Pealle, 1625 = Gealloses I1H2G = Heallcso < Cod,

and

||Qsan Qs,a,nHO S 0395n'

Using Propositions 11.3 and 11.8, the proof of Theorem 3.2 then follows by analogy with
Theorem 3.3.

A Proof of Theorem 4.1 and Proposition 4.3

Proof of Theorem 4.1. In this proof, we will find it useful to define the functions [(") = log U™ —

log U, and similarly 15" l(n)

We begin by proving (a ( ) using Birkhoff cones. Let AT be the set of positive, bounded functions
on the support of y, and let dy+ be the projective cone Hilbert metric on A*/RT

dp+ (¢, 1) := sup log% - inflog% < 2||1log ¢ — log || pee.

Then it is well-known (Peyré & Cuturi 2019) that if

0 := tanh (}L sup  da+ (IC(SI,IC(Sy)> <1, (64)

T, yEsupp [

then by the Birkhoff cone theorem, for any ¢ € A™

da+(1/K[9], U) = da+(K[], K[U]) < 0dp+(¢,U).

This gives the contraction rate of standard Sinkhorn iteration.
However, one can also check for any ¢,9 € AT,

dp+ (Vo,U) < 5(dp+ (¢, U) + dp+ (0, 0)).
Applying this to (25 — 27) gives that

dp+ (UD U) < 16 + 0)dp (U™, U).
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Finally, since

(n) (n—1) (n—1)
el =feld" T fpelat

((n=1) (n—1
a = a

where we recall that e ) /U, and furthermore since

/ (Pel” — ey dp =0,

we find that
supl(") >0 > inf 1™

SO
[og U™ —logU|| 1= < d(U™, V),

giving us what we need.

We now consider the local convergence rate. To use the spectral properties of the normalised
operator P := UKU we will pass to the L?(zz) norm.
Using that ||I9)||p~ < k, then by the previous part, for all n

11 poe < 2K,

and the same holds for l[(l”), ll()n). Consequently, taking logarithms of exponentials of these func-

tions is Lipschitz with constant e2¥; furthermore, for any function [ with ||{||z~ < 2k,
lle! = Ulz2 < ke |1l 2,
and so since ||P|| g~ = ||P|L2 =1,
€7t = Pe!llz2 < [le7! = Pll|zz + |P(L — €') || 2 < 2ke |J1]| .
Since 1M = — log(Pel(n)),

116D 4+ PU |2 < 2|l e — P11

= €2k||7)€_l(") _ P 12

<K N1 .z,
where &k’ = ke**. Similarly,
157 = (PP e < KIS g2+ 18 =PI g2 < B2 K] e
Then, since [(*+1) = %(lgn) + l,(,n)),
D =GP = PU |2 < K1) e, (65)
where k" = k(2 + 1K).

Now, P is a Markov operator which is self-adjoint in L?(x) and, furthermore, positive semi-
definite on this space as K is and U is positive. As a consequence, the spectrum of P is a subset
of [0,1]. Hence, the spectrum of £P(I — P) is contained in [—%,0], and so its L*(u) norm is
bounded by é. We thus have

€22 < (& + K2+ 5K)" HOllze < (45" 1Oo:
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To prove part (¢), we use (65), so that

o

7
n n 8 k
04D =t 2 = FPA=PYI 2=k 12 = Gk 12 = S 1Dl
8

O

Proof of Proposition 4.3. This proposition is a consequence of bounds in the rest of the paper.
We have from Theorem 3.7 that

IKM1 = K1 e < €247
It is a standard result on Gaussian kernels that
1K1 = plipee = [[(C = Dpllz= < zellpllwze.
Lemma 9.5 gives us that if 6 < C37 then
|UM = Uellpo < Cagd.

As a result of Theorem 6.1 and Lemma 6.4,

—1/2

|| log Us —log p [lLos < Cr1 26

These results together mean that there exist constants Cia0, Ci21 such that if § < Ci99 and

e <¢gp,
Hog((K21)71/2) —log UM|| 1 < Ci01(8 + <),

as required. O

B Proof of Proposition 8.5

Proof of Proposition 8.5. Let zg be the centre of £, set nn = arcsinh({/¢) < 1o and define Tfll as
the complex n-fattening of the hyper-torus T¢:

Td = ((R + i[-n, 7)) /2nZ)*

Define the map 7 : Tf] — &
T(z) = Lcos z + z¢.

Now the Hardy space H>(&.) is isometrically embedded in the Hardy space of bounded, even

analytic functions on T;i,, Hg\?en(Tg), via the map C; : ¢ — ¢ o 7. This map is also an isometric

embedding of C°(&) into C(T9).
The Hardy space HS, (Tg) in turn is a subset of another Hardy space H?> (T‘,i]), consisting

even even
of even analytic functions on Tg that are bounded with respect to the norm

even

ol crp = () | oI

Furthermore, ||¢|| g2

even

tained in the unit ball of Hgf,’en(Tg).
On H?

even

(1) < || @] Froe (Td), SO the image of the unit ball C; By g,)(0,1) is con-

even

(T,dl) we have the compactness result:

41



Proposition B.1. The unit ball in HZ,,,(T%) may be covered by C°(T?) balls with centres a the

finite set S, and forn € (0,m0) and & € (0,1/2) there exist constants Co, C1g depending only on
No, d such that
‘§g| < e(Colog €™ +Ciologn™")(n ™" log g™ 1)

As a result, we can cover B := CTBHOC(&)(O, 1) by C° balls centred at the points in 5’2/2. It

does not necessarily hold that 52’/2 C B, but because the diameter of a £/2-ball is bounded by
&, around each £/2 ball that intersects B we can choose a &-ball with a centres inside B. From
the injectivity of the isometry C, we get the desired set S?C. O

Proof of Proposition B.1. The functions

d
b(2) = H cosh ijn_1/2 cos k;z;
j=1

for k € N¢ form an orthonormal basis of Hgven(Tg).

Furthermore,
d

[br (2)[| co(ray < l_Icosthjn_l/2 < 9423 kin,

Jj=1

Let us construct S7 so that a & /2-fattening of the subspace spanned by basis elements
{bk}z k;<k* for some k* covers the Hardy space ball, and then construct a lattice of functions
inside this subspace.

If we set

E* = max{d + 2log(2*"\/d/2r€ %) /n,2 + 2d/n} < Csn~'log €1,

for some positive constant Cs dependent only on d, 1), we can choose

S’g’ = Z wrbg | wy, € {—27”1/2672]”",27d/27772kjn} N (E(k)~2/2)z
2 ky<k*

A crude bound on the size of this set gives that

15¢|

IN

(24_d/2(k*)d/2£_1 + 1)(k*)d
(Csf—ln—d/Q(log5—1)d/2)(05n71 log £)4

o(Colog €1 +C1plogn~ 1) (n~ " log €71)¢

IN

IN

for positive constants (dependent only on d,ny) Cs, Cy, C1o. O

C Proof of Proposition 9.1 and Lemma 9.4

Proof of Proposition 9.1. The second equation is a simple application of Proposition 8.8.
For the first equation we can say that



and consequently,

1= inf / — d
[l nf Rdgs(z Y)p(y)o(y) dy
= ol g o oo 0.

Using that ¢ > 0 on the real domain D and that |e®” — 1| < |w] for real w, we have then that

gtz it e (o) - \ o= 0= e =)ot dy|) .

z€D,s€[—(,(]?

Using that
l9:(x)s - 2l 21 (Ra,azy < V/26/7]s| < V/2e/m\/dA(2 < \/2dZo /e,
we have
[t = 1Kesllo — v/2dZo /7 lplloll¢llo-
Because
IK4llg" < o™ lollo™ llo,
our assumption on Z; gives us the required bound. O

Proof of Lemma 9.4. Consider the following forward equation on the domain D for ¢ € [0, &]:
0t = L' + Vil - Vo', (66)

recalling that
w

1
e’ = pte2"(Usp). (67)
We have from Theorem 3.5 that P is given by

P.p = S:(me,0)¢(y) dy,

where the solution operator Se(t1, ) is a kernel operator. We can thus use PDE results to study
the functional behaviour of P..
We divide the operator

~t
€

2n*+1
(T+P) ' =T-P.+T-P)" > (-1)"PL, (68)

n=2
where n* = [(267!)], and consider in turn the norms of (I —P2"")~! and P2n+2 — pn+tl,
We have from Corollary 6.2 that

sup [ log p + wt|lo < |[log pllo + Ceo,0,

and consequently Gaussian lower estimates on the fundamental solution from Theorem 1 of
Liskevich & Semenov (2000)! imply that there exists a constant Cy; € (0,1) depending on
L,d, Cgs, ||pllo, Lip log p, 9 such that for all bounded non-negative functions ¢,

inf S(2n"¢,0)¢ > Cu1||¢|| Lo~

!Here as usual we use that we can extend D = (R/LZ)? to R? in the natural way.
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where we recall that 2n*e € [1,1 + 2¢¢]. The Sinkhorn balancing (13) makes P, bistochastic, so
[ Pello = 1: if [[¢[lo = 1 and [; ¢dz =0 then
P2 =P2 ¢ — P ¢ = (P2 ¢t — Cn) = (P2 ¢ — Cu),
where ¢T, ¢~ > 0 are the positive and negative parts of ¢ respectively.
Since the two bracketed quantities are non-negative, we have
P2 ¢|lo < max {supP§"*¢+ — Cyp, sup P ¢~ — 041} = ||Potllo — Cax =1 — Cay.
Thus,
||7)€2n ||0 <1-Cu <1

and so
(T =P ) o < Cit

On the other hand, we have the Schauder estimate from Theorem 1 of Knerr (1980) that
there exists a constant Cys depending on d, L, g, Cgg such that for 0 < tg < t; < 1 4 2¢9 and
Ae{AV},

I AS (t1,0)¢ — AS.(t0,0)]ly < Cazs™ 072 (11 — 10)?/?|| 6 |o.

Since w! is e-periodic, we can apply these equations with the evolution of S. (66) to say that for
te [0, 1+ 50],

< 2042t*(1+5/2)55/2|\¢||0.
0

1 (2n+1)e 9 9

< 042(2%)—(1%/2)51%/2
= Cyp(2n)~1+5/2)

0 0
| g75:(t+ 2000~ 550,00

As a result,

I3 (P22 — 2p2n 1t + P2)|| =

Since, recalling (68),

2n* 41 n*

Y (CUPI =g (=PI P 4+ ) §(PI - 22t 4 P2,

n=2 n=1
we have

2n*+1
S (—)"PE| < 14 Ca2 O+ (14 2/8)
n=2 0
and so
1T +Po) "o < 2+ O (1 2~ OFB/2(1 4 2/@) = Oy

as required. O
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