Conditional decay of correlations and
linear response

Caroline Wormell

Sorbonne Université, CNRS

June 28, 2022



Conditional decay of correlations and
linear response

Caroline Wormell

Sorbonne Université, CNRS

June 28, 2022



Conditional decay of correlations and
linear response

Caroline Wormell

Sorbonne Université, CNRS

June 28, 2022



Setting

A smooth chaotic dynamical system T : M — M endowed with
invariant SRB measure p.

conditional measure abs. cts. wrt Lebesgue

e.g.: if T(x) = kx mod 1 then p = Lebesgue measure.

SRB measure is the physically important invariant measure!



Convergence of measures

A fundamental desideratum:
Exponential decay of correlations

There exists £ < 1, C such that if A, B € C}(M,R) then

[ AcTBdp- [ Adp [ By < ClAla]Blcg"
M M M
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Convergence of measures

A fundamental desideratum:
Exponential decay of correlations

There exists £ < 1, C such that if u = Bp and A, B € C}(M,R)
then

[ AcTrau= [ Adp [ dul < ClAjalBlag"
M M M

i.e. TMu— (fdu)p exponentially quickly in (C1)*

A Question: what other measures |1 converge to the SRB
measure?



Convergence of measures

Obviously some measures don’t do this:
> Delta function: p = dx,. Then T7u = d1n() 7 p-
» Another invariant measure: u € M(M, T), u# p. Then
Topw=p#p.
» “Adversarial” constructions: T(x) =2x mod 1,
Xn = Bernoulli(py) ind., p~¢ >°52;27"X,. Then
JUT"(x) > 3) du(x) = pn.



Convergence of measures

But clearly some do (apart from Bp with B € C?%):

Theorem
If T(x) = kx mod 1 and dimg p > 0, then for all 6 < dimF p,

1 1 1
/ Ao T"dpu —/ Adp/ d,u’ < Ck°"|Al| .
0 0 0

Sketch of proof:

1 > n
/0 Ao Tmdpu= Y Awifis = Aofio + O((k" - 1))

|=—00
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But clearly some do (apart from Bp with B € C?%):

Theorem
If T(x) = kx mod 1 and dimg o > 0, then for all 6 < dimp p,

1 1 1
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Convergence of measures

Conjecture

Generic positive-dimensional, “nicely” generated probability
measures i should have T — p exponentially in (C1)* if T is
smooth and exponentially mixing.

Specific examples?



Conditional measures

For some function H : M — R take

dp(x) = lim 2UACI <)

Jim. 2 dp(x) = "6(H(x)) dp(x)"

so u o conditional measure p(x | H(x) = 0).

Lozi attractor Cond. meas. H(x,y)=x=0
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Conditional decay of correlations

Conditional decay of correlations (CDoC): TBu — p [ Bdu for
all “nice” B.
Looks true for Lozi maps (pw affine approximations of Hénon):

Lozi attractor CDoC with H(x,y)=x=0
0.50 — 10°; —— Alx,y)=2x

< —= A, y)=1xs0
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Conditional decay of correlations

Conditional decay of correlations (CDoC): TBu — p [ Bdu for
all “nice” B.
Looks true for Lozi maps (pw affine approximations of Hénon):

Lozi attractor CDoC with H(x,y)=x=0
100 4 —— Alx,y)=2x
0.50
\ —= AX,y)=1xs0
0.25 \
> 0.00 A >

—0.25 1

(A » ) — p(1)p(A)]

—0.50 1

AN

Rigorously validated!



Conditional decay of correlations

Study map on [0, 1]
T(X>y) = (kX mod lvv(kx‘\ (y)) > b

with v; non-overlapping contractions.

Theorem (W. '22)

The conditional measure 11 = p(- | ¥(y) — x = 0) is well-defined.
Furthermore, if i)' # 0 and either

» The v; are analytic and totally nonlinear
» Each vi(x) = ax + B; and " #0
then there exists £ < 1 such that

‘/Ao T"du—/Adp/d,u‘ < CE"|Al cr-



Conditional decay of correlations

Study map on [0, 1]

T(X>y) = (kX mod lav(kx‘\ (y)) > b

with v; non-overlapping contractions.

Theorem (W. '22)

The conditional measure 11 = p(- | ¥(y) — x = 0) is well-defined.
Furthermore, if i)' # 0 and either

» The v; are analytic and totally nonlinear (Sahlsten and Stevens '20)
» Each vi(x) = ax + B; and " # 0 (Mosquera and Schmerkin '18)

then there exists £ < 1 such that

‘/Ao T"du—/Adp/d,u‘ < CE"| Al cr-



Big application: linear response theory

Smooth family of perturbations:
Te(x) = T(x) +eX(T(x)) + o(e)

Each T; has SRB measure p;.

The “linear response” %p; can be computed from T, X, p, if it
exists. . .



Results in linear response

Theoretically:

» Linear response for Axiom A

» No linear response for logistic maps

» No (rigorous) clue about 99.9% of real systems
Practically:

» 50+ years of success in calculating linear responses in physics
and climate science
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60° Nt G S i
—~ de
(= . d . Al
S o} A S -
S o e [} _

Fuchs, Hernandez and Sherwood 2014



Linear response formula

Why?
d
— [ Adp:
ds/ P
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Typically a density
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Linear response formula

d
— [ Ad
ds/ pe

Why?

N_§:/Aoﬂ5§;ﬁﬁﬂ<m
e=0 n—=0 dp

Typically a density

g

|Unst. div.| for Hénon map

X
line o

103

102

10t

10°

f folding



Lozi map

Lozi map simplifies Hénon map:
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Lozi map

Lozi map simplifies Hénon map:

|Unst. div.| for Lozi map
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Linear response

We know that € — p. is C* for all & < 1 for the Lozi map.
Theorem (W. '22)

Conditional decay of correlations (slightly extended) for the Lozi
map implies that the linear response formula converges.

What could understanding conditional decay of correlations give
us?
» Proofs of regularity of € — p.

> Ruelle ('18) conjectures that large stable dimension of SRB
measure improves regularity

» Ideas for better computation of linear response in real systems



Summary

Conditional decay of correlations

If du(x) = dp(x | H(x) = 0),

does /Ao T”du'H—oo>/Adp?

» CDoC: a fractal and dynamical question

» Proof for toy model via Fourier dimension
» Credible numerics for other systems

arXiv:2206.09292

» CDoC = linear response for Lozi map and likely more:
arXiv:2206.09291

Let's talk: wormell@lpsm.paris



