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Setting

A smooth chaotic dynamical system T : M → M endowed with
invariant SRB measure ρ.

conditional measure abs. cts. wrt Lebesgue

e.g.: if T (x) = kx mod 1 then ρ = Lebesgue measure.

SRB measure is the physically important invariant measure!



Convergence of measures

A fundamental desideratum:
Exponential decay of correlations
There exists ξ < 1, C such that if A,B ∈ C1(M,R) then∣∣∣∣∫

M
A ◦ T n B dρ−

∫
M
Adρ

∫
M
B dρ

∣∣∣∣ ≤ C‖A‖C1‖B‖C1ξn.

i.e. T n
∗ µ→ (∫ dµ)ρ exponentially quickly in (C1)∗

A Question: what other measures µ converge to the SRB
measure?
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Convergence of measures

Obviously some measures don’t do this:
I Delta function: µ = δx0 . Then T n

∗ µ = δT n(x0) 6= ρ.
I Another invariant measure: µ ∈M(M,T ), µ 6= ρ. Then

T ∗nµ = µ 6= ρ.
I “Adversarial” constructions: T (x) = 2x mod 1,

Xn = Bernoulli(pn) ind., µ ∼`
∑∞

n=1 2−nXn. Then∫
1(T n(x) > 1

2) dµ(x) = pn.



Convergence of measures

But clearly some do (apart from Bρ with B ∈ Cα):

Theorem
If T (x) = kx mod 1 and dimF µ > 0, then for all δ < dimF µ,∣∣∣∣∫ 1

0
A ◦ T n dµ−

∫ 1

0
Adρ

∫ 1

0
dµ
∣∣∣∣ ≤ Ck−δn‖A‖C1 .

Sketch of proof:∫ 1

0
A ◦ T n dµ =

∞∑
l=−∞

Âknl µ̂−l = Â0µ̂0 +O((kn · 1)−δ)
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Convergence of measures

Conjecture
Generic positive-dimensional, “nicely” generated probability
measures µ should have T n

∗ µ→ ρ exponentially in (C1)∗ if T is
smooth and exponentially mixing.

Specific examples?



Conditional measures
For some function H : M → R take

dµ(x) = lim
η→0

1(|H(x)| < η)
2η dρ(x) = “δ(H(x)) dρ(x)”

so µ ∝ conditional measure ρ(x | H(x) = 0).
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Conditional decay of correlations
Conditional decay of correlations (CDoC): T n

∗ Bµ→ ρ
∫
Bdµ for

all “nice” B.
Looks true for Lozi maps (pw affine approximations of Hénon):
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Rigorously validated!
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Conditional decay of correlations

Study map on [0, 1]2:

T (x , y) = (kx mod 1, vdkxe(y))

with vi non-overlapping contractions.
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Theorem (W. ’22)
The conditional measure µ = ρ(· | ψ(y)− x = 0) is well-defined.
Furthermore, if ψ′ 6= 0 and either
I The vi are analytic and totally nonlinear

(Sahlsten and Stevens ’20)

I Each vi(x) = αx + βi and ψ′′ 6= 0

(Mosquera and Schmerkin ’18)

then there exists ξ < 1 such that∣∣∣∣∫ A ◦ T n dµ−
∫

Adρ
∫

dµ
∣∣∣∣ ≤ Cξn‖A‖C1 .
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Big application: linear response theory

Smooth family of perturbations:

Tε(x) = T (x) + εX (T (x)) + o(ε)

Each Tε has SRB measure ρε.

The “linear response” dρε

dε can be computed from T ,X , ρ, if it
exists. . .



Results in linear response
Theoretically:
I Linear response for Axiom A
I No linear response for logistic maps
I No (rigorous) clue about 99.9% of real systems

Practically:
I 50+ years of success in calculating linear responses in physics

and climate science

[as described inMartynov and Nechepurenko (2006) and
GB07].

c. Estimating cloud response

Next, we examine the skill of operators in estimating
the cloud response. GBM08 demonstrated by example
that the FD operator has skill in estimating variables
with known or assumed functional relationship to the
variables that compose the operator. This idea has been
discussed by both Leith (1975) and Majda et al. (2005)
(although using different arguments as justification). In

the current model setup, where the seasons and ocean
are fixed, clouds are emphasized as a driver of vari-
ability. Therefore, it is expected that an operator will
capture important relations between cloud variables
and variables representing the climate state. Further-
more, working with multiple operators consisting of
different sets of variables offers the opportunity to
study these relations as a function of different repre-
sentations of the climate state. From this perspective,
the lack of skill of an operator is as important as the
presence of skill.

FIG. 6. Comparing the responses at 700 hPa for T, RH, and V to an ENSO-like perturbation (standardized) for (top
three rows) the fixed-SST scenario and (bottom three rows) the slab-ocean scenario.
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Linear response formula
Why?

d
dε

∫
Adρε

∣∣∣∣
ε=0

= −
∞∑

n=0

∫
A ◦ T n d∇

u

· (Xdρ)
dρ

︸ ︷︷ ︸
Typically a density

dρ

line of folding
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Lozi map

Lozi map simplifies Hénon map:

T
(
x
y

)
=
(
1− ax2 + y

by

)
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Linear response

We know that ε 7→ ρε is Cα for all α < 1 for the Lozi map.

Theorem (W. ’22)
Conditional decay of correlations (slightly extended) for the Lozi
map implies that the linear response formula converges.

What could understanding conditional decay of correlations give
us?
I Proofs of regularity of ε 7→ ρε

I Ruelle (’18) conjectures that large stable dimension of SRB
measure improves regularity

I Ideas for better computation of linear response in real systems



Summary

Conditional decay of correlations

If dµ(x) = dρ(x | H(x) = 0),

does
∫

A ◦ T n dµ n→∞−−−→
∫

Adρ ?

I CDoC: a fractal and dynamical question
I Proof for toy model via Fourier dimension
I Credible numerics for other systems

arXiv:2206.09292
I CDoC =⇒ linear response for Lozi map and likely more:

arXiv:2206.09291

Let’s talk: wormell@lpsm.paris


